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Abstract
Parallel robotic manipulators are a specific type of robot that has mul-
tiple limbs which are ultimately connected to a moving body. Within
this regime, there are several sub-classes of robots characterized by
certain inherent traits. Common to all sub-classes is the ability to
articulate the moving platform by actuating each of the limbs. In
general, it has been shown that these types of robotic manipulators
possess several types of advantageous properties. Some of these prop-
erties are: good dynamic character, high stiffness, high precision, large
payload to weight ratio, and high speed.
Flexible and reconfigurable manufacturing regimes are new manufac-
turing system paradigms that aim at achieving cost-effective and rapid
system changes. Essentially, a system classified as flexible or reconfig-
urable would be one that is adaptive to change in the market without
the need to re-design or re-develop its components. The advantage of
such a system is in theory very large. To date, there has been some
enhancements made in the area, however there are still many open
aims and possible improvements to be investigated. Much of which
aims at furthering the concepts from theory to practical applications.
The main objective of this dissertation is to enhance the knowledge
base in flexible and reconfigurable systems through parallel robotics.
Specifically, by utilizing new ideas in parallel robotics tailored to these
manufacturing regimes, significant improvements in the knowledge
base are attained. These can be classified under one specific regime of
parallel robotics and further categorized as passive, semi-active, and
active (adaptive).
iii
This thesis first focuses on a new design methodology related to flex-
ible and reconfigurable manufacturing. Essentially, the method pro-
poses a systematic approach to reconfigure the dynamic properties
of robotic devices for various functional requirements that would be
part of a flexible manufacturing situation. The method is tested on
an example structure and results indicate that the proposed reconfig-
uration method outperforms existing devices. Next, this dissertation
focuses on the design of new robotic architectures that are more adap-
tive. Specifically, the goal is to achieve structures that can be adaptive
in real-time. Existing structures are only reconfigurable passively and
need to stop operation in order to reconfigure manually. To this end, a
hybrid structure that is semi-active reconfigurable is first investigated.
It is dubbed the ReSl-Bot. A complete engineering analysis and design
is conducted illustrating its properties. To take this one step further,
a novel class of hybrid adaptive parallel robots is then proposed. A
6-DOF robot belonging to this class called the HAPM mk.1 is studied
in detail. It is effectively shown that this novel design has the ability
to adapt properties actively. This type of adaption could be used for
the performance enhancement in many applications, particularly for
flexible manufacturing. Properties such as DOF, stiffness, dexterity,
precision, kinetics, energy consumption, backlash, etc. could poten-
tially be altered for varying applications and requirements. Notably,
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Any mechanical system that allows a rigid body to move with respect to a fixed
base plays a very important role in numerous applications and various fields. As
soon as it is possible to control the degrees of freedom of the rigid body, the
system can be called a robot [1]. Robotics in general deals with the engineering
design, analysis, construction, control and sensory feedback of a chain of bodies
that falls into the aforementioned category.
Traditional robots consist of a chain of rigid bodies and joints linked together
one after another, usually resembling a human arm. This type of architecture is
called a serial robot. Serial robots have been extensively studied and developed.
The industry utilizes serial robotic structures for various applications ranging
from vehicle assembly, to haptic interfaces for medical applications etc. One
example of an extensively used robot in industry is the SCARA robot. An il-
lustration of this robotic structure can be observed in Fig. 1.1. Its structure is
1
1.2 Parallel Robotic Manipulators
Figure 1.1: SCARA - Serial Robot Illustration (Courtesy of Van Doren Designs
Inc.)
simple and provides large workspace for versatility. Another example of a much
more rare robot is the CANADARM which was developed in Canada and used by
NASA as an add on manipulator essential to the Space Shuttles. An illustration
is shown in Fig. 1.2.
1.2 Parallel Robotic Manipulators
Parallel robotic manipulators consist of a much more scarce sub-regime of robotics.
Essentially, a parallel robot is made up of a series of kinematic chains (at least
two) that all link the base frame to the moving platform. It is known to the field
that serial robots are inappropriate for tasks requiring manipulation of heavy
loads, good position accuracy, or to work at different scales [1]. This is where
parallel robotic manipulators can provide an alternative to serial robots. In fact,
2
1.2 Parallel Robotic Manipulators
Figure 1.2: CANADARM - Serial Robot Application (Courtesy of NASA)
3
1.2 Parallel Robotic Manipulators
Figure 1.3: Stewart Platform - Example from University of Agder
their applications and advantages can be generalized. It can be shown that paral-
lel robotic manipulators possesses much better stiffness, accuracy, dynamics and
ratio of payload/mass of the mechanism when compared to serial robots. An
example of the first successful parallel robot can be observed in Fig. 1.3. It was
developed in 1947, built in 1955 and was still operational until the year 2000.
However, since 1955 many variations of the parallel manipulator have been de-
veloped for various applications. It’s adoption mainly for applications under the
category of Universal Rig or Stewart Platform.
Another widely accepted parallel manipulator is known as the Delta robot.
It is a translational robot that is capable of very high speeds and moderate
loads, while maintaining accuracy. Its adoption has been mainly for pick and
place applications. Some variations of the robot have been developed, since its
invention in the 1980’s. One current version that has an extra kinematic chain
4
1.2 Parallel Robotic Manipulators
Figure 1.4: Delta Variant - Adept Quattro (Courtesy of Adept Technology Inc.)
is shown in Fig. 1.4. Its designers claim very high performance. Furthermore, a
very interesting robotic design that is hybrid has been very recently developed by
ALIO Industries. It can be observed in Fig. 1.5. Its precision is in the nanometer
order and enables advantages over Stewart Platform’s also known as hexapods.
Although, the parallel configuration that provides pitch, roll and Z motion is
purely parallel kinematically, it is coupled with serial kinematic XY motion stage
and a rotary (yaw) axis mounted on the parallel tripod. There are many other
examples of parallel robotic machines devised or under current development in
the research industry today. A more complete review and discussion of these can
be found in [1, 2]. More specific literature reviews can be found in the following
Chapter of this dissertation.
As already mentioned the benefits of parallel robots are potentially very high.
However, there are some drawbacks that parallel manipulators inherently pos-
5
1.2 Parallel Robotic Manipulators
Figure 1.5: ALIO - hybrid (Courtesy of ALIO Industries)
sess. Their workspace is generally more limited and complex-shaped. Its degrees
of freedom are generally highly coupled. This makes calibration and control
sometimes complex. Also, some parallel machines have singularities within their
workspace that are difficult to determine. On the other hand research in these
domains has picked up in the past 2 decades [3]. The potential benefits outweigh
the complexities in many cases. A more detailed discussion of the open problems




This Chapter provides a literature review of some of the state of the art regimes in
parallel robotics. Much general insight into how robotics and specifically parallel
robotics has influenced recent research in flexible and reconfigurable manufactur-




A large catalog of parallel configurations can be found in [2, 4]. Setting aside
the fact that the development of a parallel robot is in general more complicated
than that of a serial robot [4–6], many variations have been conceptually pro-
posed in literature and likely there are still possible structures that have not been
discovered yet. There is a recent trend to propose parallel manipulators with 3
degrees-of-freedom. This is because in an application sense the manipulation
space can be expanded to 4 or 5 degrees-of-freedom very easily. This is typically
done be adding a gantry. Many of the first studied mechanical designs can be
observed in [1].
There are also many designs some researchers consider to be a mixture of
serial and parallel architecture. These designs are termed hybrid designs. One of
the reasons some researchers have proposed these types of hybrid parallel manip-
ulators is for their increased workspace properties. The hybrid nature can reduce
the amount of limbs without affecting the mobility.
A few hybrid parallel manipulators have been proposed [6–11]. Merlet [4]
classifies the hybrid structures into 2 categories. The manipulators behaving sim-
ilar to Alizade’s [7] proposed structure are one category and the manipulators
similar to [8] as the other. However, little work has been done in either classi-
fication comparatively to purely serial or purely parallel manipulators. Further
development is possible to assess the benefits of industrial applications for these
types of manipulators.
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2.2 Synthesis Methodologies and Balancing
Related to the motion and vibration characteristics of a robotic mechanism is its
tendency to create reaction forces onto its base structure. These reaction forces
are undesirable as they create noise, vibration, fatigue and unwanted dynamic
forces onto their surroundings. The most fundamental approach to eliminate
these reaction forces is to try to keep the center of mass of the mechanism sta-
tionary for all configurations. This has been studied by many researchers in the
past and has been recently extended to the regime of parallel robotics as well.
Force balanced mechanisms are also sometimes referred to as reactionless mecha-
nisms. In [12] reactionless four-bar linkages are studied with particular attention
to the input torque needed to operate the mechanism. Also, in [13] the design of
reactionless 3DOF parallel mechanisms is addressed. The 3DOF mechanisms are
constructed using individual 4-bar mechanisms. In [14] the static balancing of
a Gough/Stewart-Type platform is addressed. Using both elastic elements and
counterweights each leg is balanced. Notably, the variation in potential energy
that the sliding joint has is counteracted by letting a counterweight translate in
the opposite direction. Some other relevant studies are given in [14–20].
In the regime of parallel robotics, fundamental parameters such as the afore-
mentioned balancing can be important to the synthesis process if it is to be
considered optimal. The synthesis of purely mechanical mechanisms and robotic
mechanisms has been studied through various methods, most of which stem from
linkage synthesis methods, such as graphical linkage synthesis or kinematic syn-
thesis. For example, in [21] a method is proposed to synthesize adjustable planar
and spherical four-bar linkages to a set of positions based on Burmester curves.
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Using adjustable linkages the number of solutions for their problem goes to infin-
ity. Also, some iterative methods that cleverly include the design of the control
parameters and the mechanical structure together have been investigated. A high
speed serial robotic application has been investigated in [22]. And a similar 2-link
robot was used as a test subject in [23] where a recursive experimental optimiza-
tion method was used. The importance of these studies is the incorporation of
the control parameters and structure design in the methods in a new way. Since
then, further work in this area has not been conducted however. Also important
are the studies that use the design for control method proposed in [24, 25] and the
adjustment of kinematic parameter method in [26]. These are related methods
that essentially use the adjustment of some of the mechanisms kinematic param-
eters such as link lengths and radius to the center of mass to provide balancing
for the mechanisms. This in turn can result in better control performance, as a
balanced mechanism can have a simpler dynamic model.
The idea to synthesize mechanisms for various applications has been researched
previously. The breadth of this area is essentially limited to simple mechanisms
of 1 degree of freedom (DOF) such as 4-bar mechanisms and its variations as well
as many other planar 1-DOF mechanisms. Also, the synthesis methods studied
are restricted to varying kinematic properties such as a single links length. Var-
ious methods have been proposed in literature such as those by [21, 27–29]. In
the regime of robotics this type of synthesis is in its early stages, as not a lot of
research has been done in this area. It has a large potential to various applica-
tions in many regimes. In particular, flexible or sustainable manufacturing will
be enhanced by findings in this area. Notably, a tool for designing reconfigurable
robotic systems was investigated in [30].
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One important attribute in development of a parallel machine or robot is its
dynamic characteristics. Thus, a model of its dynamics, either forward or inverse,
is required for subsequent analysis and simulations. However, the algorithms
developed for serial robots cannot be easily applied to parallel robots [31], mainly
due to the connected constraints that parallel mechanisms have. Attempts at
formulating dynamic models in this regime usually come in a few methodological
forms. The Newton-Euler method [32] can be applied mainly for inverse dynamic
models. Other methods consist of the Lagrange method [33], the method of
virtual work [34], Kanes method [35] and the connection method [36], which is
another form of the virtual work principle. These methods have been applied to
various parallel mechanisms [34, 36–40].
The importance of dynamic performance indices has grown recently [41].
Most studies reveal that parallel manipulators have a large variability of perfor-
mance with their workspace. Some researchers strive to optimize this to a more
uniform performance. Several relevant studies in this area are [34, 37, 38, 42–45].
Force balanced mechanisms are also sometimes referred to as reactionless mecha-
nisms. In [12] reactionless four-bar linkages are studied with particular attention
to the input torque needed to operate the mechanism. Also, in [13] the design
of reactionless 3-DOF parallel mechanisms is addressed. The 3-DOF mechanisms
are constructed using individual 4-bar mechanisms. In [14] the static balancing
of a Gough/Stewart-Type platform is addressed. Using both elastic elements and
counterweights, each leg is balanced.
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2.4 Control of Parallel Manipulators
Effective control of a parallel kinematic machine sometimes renders a difficult
problem for engineers. Conventional methodologies to the design of a control
system generally involve the development of a mathematical model of the system
under study. This model can then be utilized in the application of analytic tech-
niques to derive a control law that satisfies particular criterion. Most of these
techniques are valid for linear systems only, with some such as the Lyapunov
based methods that can be used to derive nonlinear control laws for nonlinear
systems. However, the fundamental mathematical model needed for use with
the traditional methods is sometimes problematic to attain accurately. One such
example is the regime of robotics [46], particularly parallel robotics. For some
parallel robots the highly nonlinear and coupled dynamic model is very difficult
and/or time consuming to derive and can be comprised of computationally inten-
sive components once arrived at. These reasons can sometimes make traditional
control semantics unreasonable. Consequently, intelligent control techniques have
received much more attention recently [46–48]. It is thought by some researchers
in the area that this regime has the potential to better control more complicated
systems. However, there has been much work in the are of applying several con-
trol techniques to parallel robotic systems [49–54]. Also, numerical schemes to
determine the best parameters for a given operating case have received attention





Redundancy has been studied in the parallel robotics regime in order to overcome
singular positions and to provide more optimal solutions to a multitude of prob-
lems [56–58]. There are in general 2 different classifications of redundancy. The
first is kinematic redundancy where the internally actuated degrees of freedom is
greater than the dimension of the task space. This type of redundancy has been
largely studied in the regime of serial robotics and has also had some attention
in parallel robotics [56]. The second type is termed actuation redundancy, where
the number of actuators is greater than the mechanisms degree of freedom. These
mechanisms are statically over-determined and are subject to internal pre-loads.
A few very successful mechanisms have included redundancy [56]. On the other
hand, any manipulators that include a combination of these redundancy types
are very scarce. That is, it has both more actuators than degrees of freedom and
its degrees of freedom is more than that of its task space. Also, it should be noted
that redundancy brings about extra difficulties in kinematics and dynamics due
to non-symmetric matrices [59].
Some known advantages of using redundancy in parallel mechanisms for any
application are singularity avoidance, stiffness symmetry and backlash reduction.
A study relating performance indices and redundancy can be found in [60]. The
authors try to focus on velocity indices. Another interesting study investigates a
3-DOF planar manipulator for milling [61, 62]. Also, it is interesting to note that
actuation redundancy is a required condition in wire driven mechanisms. This is
due to the fact that wires/cables cannot resist compressive forces. Consequently,
there has been some work in the area [63]. The most well known machine to
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take advantage of redundancy to increase its workspace by avoiding singularities
is the Eclipse [64, 65]. Its setup allows some interesting features such as a large
tilting capacity. Other studies illustrate that pre-loaded stress, caused by the
redundancy, can alter stiffness [66–68].
2.6 Flexible and Reconfigurable Manufacturing
In the realm of reconfigurable and flexible manufacturing there have been several
theoretical advancements. Since the 1980s, the concept of flexible manufacturing
has been a method that many have tried to implement in response to a greater
need for fast product variations. Essentially, a flexible manufacturing system
(FMS) is one that can anticipate variations in the market with built-in flexibility.
Hence, they are more robust and have a higher initial investment cost which
should eventually pay off. Recently, researchers have identified that for many
systems the control architecture is a major factor in making a manufacturing
system flexible. Effort has been made in order to develop control systems that are
specific for FMS that can be used for various modules and adapt automatically,
or with little user input [69]. The reconfigurable manufacturing system (RMS)
concept emerged in the late 20 and early 21st centuries. It strives to improve or
add on to the existing FMS. It proposes a system where machine components,
machines themselves, cells, etc. can be added, removed or modified as necessary
to respond quickly to the market [70].
The manufacturing regime in these times is facing the onset of a large amount
of uncertainties in external factors. This is largely caused by the ever increas-
ing demand for new, innovative and personalized products by consumers. One
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of many types of high demand products nowadays consists of high-tech devices
that require specialized engineering and manufacturing methods. Another indus-
try that requires rigorous and prolific manufacturing is the automotive industry,
where each new iteration of a product differs largely from the previous. Not only
are the customers demanding more customized products, the turnover period is
ever decreasing which amounts for the need for manufacturing systems to become
very adaptive or flexible. To bring such changes into a manufacturing or machine
system, the system itself must be engineered to be an integral flexible system, a
modular system, or both [71]. The flexible system concept is based fundamen-
tally on increasing the adjustable components to vary performance, whereas the
modular approach requires developing the system architecture such that its mod-
ules can be assembled and re-assembled in different manners to provide varying
functionality.
Considering the versatility, usability and technological advancements in the
regimes of robotics, it is only natural that advancements in manufacturing will
largely come from robotic machines. Robotic machines related to reconfigurable
technologies have been the topic of much research. There are many sub-regimes
also. For example, many researchers focus on modularity as it relates to serial
robots, others focus on co-operative control systems between robots, and some on
varying properties of robotic manipulators through reconfiguration [30, 72, 73].
To address the need for flexibility a number of reconfigurable parallel robotic
systems have been investigated [71–76]. The vast majority of these proposed
systems can be found through a literature search and have constraints on one or
more degrees of freedom (DOF), also referred to as lower mobility mechanisms.
There are a few exceptions [73, 76]. As a result, state of the art research as-
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sociated with flexible manufacturing robots is mainly limited to parallel robots
with 3 to 5-DOFs. This is despite the fact that the most successful and proven
versatile parallel robot developed to date is the Stewart-platform (SP), which
inherently has 6-DOF. It can be argued that one of the factors that allowed the
SP to become so successful was its full 6-DOF which allowed usability to various
applications easily [77].
Ultimately, the flexibility of the robotic systems must aim to minimize the
penalty in time and effort and maximize the true adaptability. This can only be
accomplished by actively adapting the robotic manipulator in order to change its
properties in real time. This provides a strong motive to investigate novel design
changes at the fundamental level as well as the development of corresponding
methods that may be needed in the process. Ideally, the end result of such
research is new robotic devices that are able to intelligently adapt their properties
without human intervention to varying requirements. One loosely related study
on a 6-DOF adaptive manipulator for 5 face machining can be found in [78].
Notably, their study aims mainly at tilt capacity and provides an interesting
design concept. Another study proposed adaptive cable driven mechanisms [79].
In their work, the term adaptive refers to the mechanism’s capability of modifying
in real time the configuration of the cable entry points.
2.7 Open Aims in Parallel Robotics
In spite of the previous mention of all of the advantages parallel robots the-
oretically offer, there are many potential avenues for further development. In
fact, it has been suggested by some selective researchers that the impressive
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performances of parallel robots will be optimal if all of its components (design,
hardware, control, etc.) present a high level performance [3]. In some cases unex-
pected difficulties in design and control have led to performances that, although
still better than serial robots, did not lead up to the expected performances [80].
It is notable, that this result is largely selective and localized. There are many
examples of highly successful parallel robots. The added difficulty in engineering
and design eventually pays off in performance.
Many types of parallel mechanisms have been proposed in research literature.
Applications ranging all over the manufacturing industry to the medical industry.
A notion sometimes adopted is that one can design for as much as needed to try
to save on construction [3]. Some studies related are [81, 82]. New structures that
have advantages over existing ones remain an important topic for the future of
parallel robotics. Also, methods to optimally synthesize these designs are depen-
dent on the geometry and topology of the mechanism as well as its application.
Mechanical mechanisms are known to be sensitive to design factors. Not much
work has been done in this sub-realm particularly related to topological synthesis.
Some related works can be found in [83–87].
Another open aim in parallel robotics is trajectory planning. Lots of work has
been conducted in this area for serial mechanisms. However, much of it does not
directly transfer over to parallel mechanisms. The main two issues to be dealt with
in parallel mechanisms are to verify if a trajectory is within the workspace and
to determine if positions may be reached by a singularity free trajectory. There
have been some proposed solutions to these [3, 88, 89]. Trajectory planning is
directly related to the workspace determination. It is known that the workspace
calculation is not an easy task. In parallel robots, translational and orientation
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workspaces are coupled. The current most common approach to estimate the
workspace is to fix either the translation or orientation degrees of freedom and
then computationally determine the limits onto to other. Some work in this
realm can be found in [90, 91]. The main unsolved open aims related to the
workspace are [3]; 1) a fast algorithm to compute the workspace, 2) an algorithm
that allows for efficient interference checking which can be a very daunting task.
Also related to trajectory planning is singularity analysis. This analysis is crucial
to the proper development of parallel machines. Since more than a decade ago,
much work has been done in this area [92–94]. The main open problem related to
singularities is the global analysis in relation to and in conjunction with workspace
and trajectory.
Additionally, the robots calibration and joints (types and development) re-
main an open topic for research in parallel robotics. There has been some in-
teresting work in the area [95, 96]. The forward kinematics can be considered
directly related to the calibration of the robot. Notably, research in the topic
of forward kinematics to some researchers is considered one of the most impor-
tant topics. Since most parallel robots have multiple solutions to the forward
kinematic problem, practically determining the physical solution is in most cases
not possible with current methods. Some researchers propose to use additional
sensors that can also be used for calibration [3, 95].
Furthermore, the last two sub-regimes that are open to parallel robotics are
dynamics and control. Many methods to compute the dynamic model of robotic
manipulators exist [35, 97]. However, one problem remains to compute the for-
ward dynamic model of parallel robots efficiently. Since, this sometimes involves
the forward kinematic model, if there is more than one solution to the problem,
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this greatly complicates the solution rendering it unsolvable. Also, since the dy-
namic model of the robot can be used in more advanced control algorithms its
computation must be quick and efficient otherwise rendering a delay in control sig-
nals, which can be very detrimental to the stability of the system. Consequently,
the main open issues in dynamics are related to computational efficiency. For
control, the main open problems are related to algorithms that can deal with the
highly nonlinear kinematics and dynamics as well as the computational efficiency.
It has been suggested that possibly there should be separate embedded hardware





This Chapter outlines the research motive and the objectives for this dissertation.
Firstly, the proposed thesis objectives are outlined along with some of the methods
that are utilized. Then, the dissertation contributions are outlined with some
details. After this, the outline of the thesis is presented.
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3.1 Methods and Objectives
The main objective of this dissertation is to advance parallel robotic technology
for applications in flexible and reconfigurable manufacturing. In order to realize
a manufacturing system that is intelligent and adaptive/flexible, each subsystem
that is a part of the whole system must be able to communicate with the other
subsystems (Siemens, 2013) as well as be able to self-optimize and adapt. The
focus in this dissertation is on the individual optimization/adaption of robotic
systems for future manufacturing. The future implications of such adaption is
very large.
More specifically, the objectives of this thesis can be broken up into three
main categories (passive, semi-active, active) and two main sections in the regime.
These sections are related to the engineering design of robotic structures. The
first objective is to devise a design methodology that can be used in the FMS and
RMS regimes. This design method should improve upon any existing methods
and strive to meet multiple functional requirements while optimizing efficiency.
While it is known that the dynamics of parallel manipulators affect performance
greatly, there is no existing design or synthesis method that addresses this physics.
The second main objective focuses on the novel design and analysis of par-
allel manipulator robots that are specific for FMS and RMS. Moving forward
from passive reconfiguration robots, designs that are semi-active or ones that
have auto-reconfiguration built in to the design are desirable. Even one step
further are those that can actively change system properties. This thesis inves-
tigates the new design of manipulators towards more adaptability. Notably, no
robotic architecture exists that inherently has these properties. Ultimately, a
21
3.2 Overview of the Thesis
novel flexible design that has a set of flexible and reconfigurable attributes which
can be adjusted by a set of control algorithms or trajectory changes to meet new
requirements is the goal.
3.2 Overview of the Thesis
In this thesis, the main objectives are covered in sequence. Each consecutive
chapter starts with it’s own more specific introduction for proper background
information.
In the following Chapter (Ch.4) the first thesis objective is undertaken. A
planar 2-DOF parallel manipulator is used as an example. Firstly, the mobility,
position and velocity kinematics, and dynamics are developed. Then, the perfor-
mance and force balancing as it relates to Re-Dyn is developed and discussed.
Subsequently, the proposed method is enumerated. It is a step by step design
method that applies to manipulators which have been designed to have their
masses and inertia’s varied. After this, a design study example is undertaken to
illustrate the properties of the proposed design method.
In Chapter 5 the second objective is undertaken which is to move forward
from passive reconfiguration with semi-active reconfiguration. The goal is to
move more towards true adaptability. In this Chapter, a hybrid parallel struc-
ture that has auto-reconfiguration is studied in detail. Its hybrid structure is
first introduced and its mobility is computed. Then, its position and velocity
kinematics are studied which also reveal the Jacobian relations. Next, a char-
acteristic tetrahedron is studied which is related to the manipulators singular
properties. Subsequently, the workspace, stiffness and dexterity properties are
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studied as they are related to the auto-reconfiguration of the robot. Lastly, an
optimization case study is undertaken.
In Chapter 6 a novel class of parallel robotic manipulators is proposed. The
class of PM’s have adaptive properties that are available actively. This is one
step ahead of semi-active reconfiguration. A manipulator belonging to this class
is then proposed and studied in detail. Firstly, the hybrid topology is discussed
along with its mobility which inherently has a degree of freedom separate from
that of the platform. It’s kinematics are then studied along with the Cartesian
workspace. Subsequently, a stiffness study is undertaken. The traditional stiffness
is formulated along with the Conservative stiffness which takes into account any
active stiffness. These are then mapped for parametric study. Then a force study
is formulated and computed for comparison against a Stewart-Platform.
In Chapter 7 the dynamics and control are undertaken. Firstly, an example
using a 5R robot is introduced and formulated. Its dynamics are then derived for
illustration. After this, the dynamic modeling of the proposed HAPM manipula-
tor is formulated. Due to its complexity a complete formulation of the dynamics
using constraint forces and the fundamental equation are derived. A short ex-
ample using this method is also illustrated. The complete dynamic equations of
motion are then formulated. Subsequently, the control of the HAPM is studied.
The example 5R is used as a case study for illustration. Then, the control model
of the full HAPM is undertaken. Its model is constructed in Simulink which can
also include joint friction. A study modeling trajectory with external loads of
different kinds show that the adaptive properties have much potential for further
research.
Finally, in Chapter 8 the dissertation conclusions are drawn. Some possi-
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This Chapter studies the framework for a design methodology in the flexible
and reconfigurable manufacturing regimes. Current reconfigurable devices allow
for kinematic properties, mainly link lengths, to be adjustable. The method pro-
posed in this Chapter enables dynamic properties such as masses and link inertias
to be reconfigurable. A corresponding design method is proposed in a system-





Engineering design methodologies for parallel robotic mechanisms are scarce. The
field of mechanism synthesis can be in some circumstances extended to the robotic
regime. This however, only takes into consideration kinematic properties. In
this Chapter, an engineering design methodology termed reconfigurable dynamics
(Re-Dyn) is proposed for the design of reconfigurable parallel robotic mechanisms,
specifically for the flexible manufacturing regime.
In order to fully appreciate the motivation in accordance with such a method,
the regime of mechanism theory must be appropriately understood. In general,
the capability of generating multi-phase motions or motions that are in accor-
dance with different tasks is highly desirable for industrial applications. This is
because industries prefer to utilize the same hardware to fulfill various tasks. This
can reduce costs and increase productivity simultaneously. Developing machines,
mechanisms and robots that can passively or even actively adapt to various tasks
is the essence of flexible manufacturing. For example, a mechanism may need to
switch its destination between various poses to accommodate different benches
or conveyors. An illustration of this can be observed in Fig. 4.1 using the fun-
damental 4 bar linkage as an example. The simplest and most cost effective
way to achieve this is to make one of the links kinematically adjustable in its
length. In general, there are 3 basic types of adjustments; the adjustment to the
fixed pivot, moving pivot, or the link length [98]. In the regime of multi degree
of freedom mechanisms (robotics), reconfiguration of these same parameters are
studied. Notably, between reconfigurations or task spaces much attention has
been placed on the kinematic parameters to map design to task. No attention
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Figure 4.1: Adjustable Linkage for Flexible Manufacturing
has been given to the performance in terms of forces and accelerations. These
dynamic terms however will play a large role in determining the performance and
efficiency of the adjustable/reconfigurable robotic system. Consequently, this
provides inspiration for the investigation of new methods that can address these
dynamic changes between and during different tasks.
4.2 Parallel Manipulator Structure Description
The structure used in this Chapter is illustrated in Fig. 4.2. It is composed
primarily of a moving platform, two kinematic chains, two prismatic slider joints
and counter balancing attachments. Two linear sliders constrain the motion of
the parallel mechanism which can more clearly be observed in the conceptual
model shown in Fig. 4.3. All bodies are considered rigid and the gravity is acting
in the negative Y- direction. The mechanism under consideration is prismatically
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Figure 4.2: Basic Structure of the PM (without Re-Dyn)
actuated at its base. The amount of travel of each prismatic actuator is denoted
by q1 and q2 in the schematic.
4.2.1 Mobility via Screw Theory
In this section the mobility of the parallel manipulator (PM) is analyzed. For a
complete description of computing the mobility of PM’s using this method the
reader can refer to [99].
Referring to Fig. 4.4 the motion screws of each limb can be formulated. For


















4.2 Parallel Manipulator Structure Description
to which its branch constraint screws can be obtained by taking the reciprocal of
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Similarly, for the other limb, one can obtain the same constraint screw system
as in Eqn. (4.2). This indicates that the 2 limbs apply the same constraints
to the platform. The remaining 2 screws correspond to the 2 linear sliders that
constrain the motion of the PM. The linear sliders are indicted by the constraint
lines in Fig. 4.2 and are more clearly observed in the conceptual model of the
PM in Fig. 4.3. These can be modeled in the same fashion as above. That
is, $31 =
[
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, to which the
constraint screws can be evaluated and amalgamated with the branch constraint
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Lastly, the platform motion screws are obtained by taking the reciprocal of Eqn.
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0 0 0 0 1 0
]T
[
0 0 0 1 0 0
]T
 (4.4)
which indicates that the moving platform can translate in the X and Y directions
only. Consequently, the mechanism has 2 degrees of freedom.
4.3 Kinematics of the PM
In this section, the robotic structures kinematics is presented. This is essential
to the use of such a PM as a case study later in the Chapter. Reference for the
kinematics of the unbalanced nominal manipulator used as a case study in this
Chapter can be found in [36, 100].
4.3.1 Forward and Inverse Kinematics
In the deduction of the forward and inverse kinematics, it is convenient to intro-
duce the following coordinate systems. The first coordinate system is the fixed
Cartesian coordinate, Oa- XY, system at the base of the structure as seen in
Fig. 4.2. The second is the moving coordinate system that is fixed to the center
of the moving platform denoted Ob-x’y’. Let the position vector of the origin
Ob = [x, y]
T . Subsequently, position vectors connecting the fixed frame to the
moving frame can be deduced and solved. A diagram of these position vectors
can be seen in Fig. 4.5. Based on this figure the following vector loop equation
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Figure 4.3: Conceptual Model of the PM
can be written
R̂t = û1 + û3 + û5 (4.5)
Accordingly, Eqn. (4.5) can be solved and the forward kinematics of this mecha-










where L = 2Lq − Lp, Q = L + q1 + q2 . Also, in this study the lengths of the
links along the vectors û3 and û4 are taken to be equal. That is Le = L2 = L1.
However, some of the following relations will still differentiate between these
lengths for generality of the equations.
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Figure 4.4: Motion Screw Representation
The coordinate transformation from joint space to Cartesian space is given
by [q1, q2]
T → [x, y]T . Successively, the inverse kinematics of the mechanism is












L22 − y2 (4.7b)
in which the ± indicates different working modes. Replacing it with a + sign
yields the inverse kinematics for the real working case.
4.3.2 Jacobian Matrices
In this sub-section, the Jacobian matrices that relate the velocity of the end
effector to the velocities of the active joint variables are illustrated. Taking the
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Figure 4.5: Vector Diagram of the Manipulator










(q̇2 + q̇1) (4.8b)
Taking the velocity of the end effector as Ẋ = [ẋ, ẏ]T and the velocity of the
active joint variables as q̇a = [q̇1, q̇2]
T Eqn. (4.8) can be written as
Ẋ = Jq q̇a (4.9)
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Equation (4.11) can be written in the form
q̇a = JxẊ (4.12)









4.4 Dynamics With the Connection Method
This section focuses on the development of a forward dynamic model for the
parallel robot under study. Dynamic modeling by the connection method was
first proposed by [36]. It consists essentially of a method that is based on the
virtual work principle.
Prior to the formulation of the dynamic model in compact form with the
connection method, preliminary expressions of constraints, active and passive
matrices must be developed.
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4.4.1 Active and passive constraints
The relations constraining the active and passive joint variables can be derived
from the vector loop equation
û2 = û1 + û3 + û5 + û6 − û4 (4.14)
From Eqn. (4.14) the vertical and horizontal components yield the two con-
straint equations
L1 sin(q3)− L2 sin(q4) = 0 (4.15a)
L1 cos(q3)− L2 cos(q4)− q1 − q2 + Lp − 2Lq = 0 (4.15b)
Thus, the passive joint variables can be expressed by the active joint variables
as
cos(q3) =




q1 + q2 + 2Lq − Lp
2L2
(4.16b)









which can be written in the form directly relating active variables to passive
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variables






















and q̇p = [q̇3, q̇4]
T , q̇a = [q̇1, q̇2]
T
Subsequently, as defined by the connection method, the active matrix Ea and

















The transform velocity matrix from active joint velocities to the generalized
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variables is now given by























The next step in formulating the forward dynamic model using the connection
method is to establish the link Jacobian matrices that define the constraints on
the velocities of the rigid bodies mass center in the connected dynamic system.
Presuming that the robotic system is connected by holonomic constraints [36],
the kinematic analysis of its rigid bodies can yield a set of constraint equations
in a general form
Fj(xi, q) = 0 (4.21)
with
(i = 1, 2, ..., K, j = 1, 2, ..., N)
where N is the number of elements in the ith link K is the total number of
links Fj is the implicit function for the i
th link variable where the terms xi are
the coordinates of the ith link described with respect to the base frame xi =
[xi1, xi2, ..., xiN ] , xi ∈ <N where q is a set of generalized variables in the joint
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space,q = [q1, q2, ..., qM ]
T q ∈ <M . M is the total number of joint variables
The link Jacobian is obtained by analyzing the partial differential of the con-
straint equation (4.21) which yields an equation in the familiar form
ẋi = Ji(q)q̇ (4.22)
to which interest in dynamic modeling is the Jacobian matrix of the ith rigid link.















Subsequently, the following relation can determine the differential Jacobian ma-
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4.4 Dynamics With the Connection Method
The above formulation is essential to the connection method. The link Jacobian
matrices for the studied PM can be derived and are given by
J1 =

−1 0 0 0
0 0 0 0
0 0 0 0
, J2 =

0 1 0 0
0 0 0 0























−1 0 −L1sin(q3) 0
0 0 L1cos(q3) 0
0 0 1 0

where m3 = m4 = mi which is the mass of the links, ma is the mass of the coun-
terweight, ml = mi +ma, La is the length of the extension to the counterweight,
and Ll = L1/2.
Notable is the influence of the counterweights added to the mechanism. Ev-
idently, as the mass center of the links 3 and 4 (corresponding to û3 and û4)
get closer to the pivot point, by the inclusion of the added counterweight, the
influence of these rigid body Jacobians becomes less and less onto the dynamic
model of the entire system. Subsequently, the differential link Jacobian matrices
are given by




(q̇1 + q̇2) 0
0 0 β
2L1
(q̇1 + q̇2) 0








(q̇1 + q̇2) 0
0 0 β
2L1
(q̇1 + q̇2) 0





(q̇1 + q̇2) 0
0 0 1
2
(q̇1 + q̇2) 0
0 0 0 0

where β = (m3Ll −maLa)/ml.
4.4.3 Dynamic Formulation by the Connection Method
The connection method is used to dynamically describe a system of connected
rigid bodies. The resulting expression is a compact forward dynamic model of
































where Mi is the mass matrix for each rigid body which includes both mass prop-






i Fwi represents the Coriolis
forces for each rigid body, Fapplied,i is the vector of externally applied forces to
the ith body, which includes the forces of gravity, and τa is a vector of the active
forces and torques.
4.5 Force Balancing
A mechanism is said to be force balanced if, for any configuration of the mech-
anism, it does not produce a net reaction force in any direction onto its base
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Figure 4.6: Mechanism Force Balancing Vector Diagram
structure. Force balancing for parallel manipulators is a relatively recent topic
of investigation that has wide potential for applications. The incorporation of
some sort of balancing into mechanism design, particularly robotic mechanisms,
has the potential for several advantages.
4.5.1 Force Balancing Principles
Figure 4.6 represents a position analysis of the mass centers of each of the rigid
bodies of the robotic system used in this study. The total force applied to the
robotic mechanism is the time rate change of the linear momentum plus the total









Mt is the total mass of the mechanism
f0 is the total reaction force applied to the system
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~̇Rt is the velocity of the mass center
g is the acceleration due to gravity
From Eqn. (4.27) one can note that there exists a variation in the reaction
force when the linear momentum changes. Thus, any change in linear momentum
will produce unwanted effects to the surroundings through the base structure and
its components. However, this change in momentum can be eliminated if the
mass center is motionless for any possible configuration of the manipulator. This











where N represents the number of mass centers associated with the mechanism.
From Fig. 4.6 the following vector representation can be expanded utilizing
Eqn. (4.28)
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R1 = (Lq + q1) e
jθ1 , R2 = (Lq + q2) e
jθ2 , θ1 = π, and θ2 = 0.
It is clear from Eqn. (4.29) that the mechanism used in this study cannot
be completely force balanced by this methodology for any values of the counter-
weight mass and length. This is an expected result. However, this mechanism
does possess some properties that can allow for a simple analytical solution for a
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unidirectional force balance. This is illustrated below.
Unidirectional force balancing of parallel mechanisms has been previously
achieved by elastic compensation [14], in which springs or elastic elements are
used to keep the potential energy of the system constant for all configurations.
However, the practicality of using elastic element for such a purpose has not yet
been addressed. In this study regarding Re-Dyn, if dynamic force balancing is
a requirement, it is chosen to utilize the traditional counterweight method. The
2DOF case study is shown to provide the same unidirectional balancing proper-
ties. This is achieved by analyzing Eqn. (4.29) and taking only the terms associ-
ated with the passive joint angles, q3 and q4, for conditioning. This conditioning
refers to analyzing the set conditions that may force the global manipulator mass
center to not vary with any given set of the passive joint angles. With this, the
linear momentum in the vertical (gravitational) direction will be eliminated thus
eliminating any reaction force in the same direction. With this goal in mind the















Since the massed of both links 3 and 4 are equal and the counterweights mass
and length are equal, forcing the above 2 equations to zero requires use of one
of the mechanisms properties. The planar motion of the mechanism exhibits a
relationship between the passive joint angles. This relationship is simply q4 =
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π − q3 for any configuration. Utilizing this relationship, Eqn’s (4.30) and (4.31)
can be combined and the component affecting vertical movement of the mass
center can be extracted. This is given by
sin(q3) (2mpLl +m3Ll −maLa) + sin(q3) (m4Ll −maLa) = 0 (4.32)
which is easily solvable.
From the above analysis, the unidirectional force balancing of the parallel





For the purpose of measuring the inequality of the above equation, the fol-
lowing term is defined in this study
ζ = |La −
Ll
ma
(mp +m3) | (4.34)
where the closer ζ is to zero the closer to perfect unidirectional balancing the
mechanism is.
4.6 Dynamic Performance
The performance of parallel manipulators in the flexible manufacturing regime
is composed of several aspects. These aspects many times are dependent on the
type of use of the PM. In particular, when the application requires high speeds,
the effect of the manipulator dynamics plays an essential role. Its dynamic perfor-
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mance can govern energy consumption, pose accuracy and stability among others.
Consequently, the dynamic study of PM’s is essential. Dynamic performance in-
dication is utilized in the proposed reconfigurable dynamics (Re-Dyn) method,
and is presented here.
4.6.1 Derivation of the Performance Index
Fundamentally, in the regime of parallel robotics some kinematic properties in-
herently affect the dynamic performance. As a consequence, it is useful to incor-
porate a kinematic performance measure coupled with a dynamic measure.
By rewriting Eqn. (4.9) in incremental form, an approximation that maps the
active joint errors to the end effector pose errors is attained as
∆X = Jq(q)∆qq (4.35)
where the forward Jacobian matrix, Jq(q), can also be obtained by J
−1
x (x, y).
Consequently, the condition number of the Jacobian matrix [101] can be
formulated by
κ =
∥∥J−1q ∥∥2 ‖Jq‖2 , 1 ≤ κ ≤ ∞ (4.36)
where ‖•‖2 indicates the second norm of the matrix.
In the above relation a condition number of κ = 1 represents a kinematically
isotropic condition in which the active joint error, ∆qq, is not amplified, and the
situation when κ =∞ represents a singularity and an infinite amplification of the
joint error, ∆qq. Thus, utilizing this kinematic condition, one can avoid singular
points as well as give an indication of possible pose errors in a control situation.
Rewriting the dynamic Eqn. (4.26) after neglecting the terms not directly
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associated with acceleration, the following relationship is arrived at
M (q)q̈a = τa (4.37)
where








Subsequently, the minimum (σmin) and maximum (σmax) singular values of the
inertia matrix above can be determined. The dynamic index in this study is
defined as
γ = σmin/σmax (4.38)
where the larger the value of γ the more dynamically isotropic the performance
will be.
Utilizing the combined properties of the above two described indices, a per-





where w1 and w2 are the weights associated with either of the terms.
4.7 Reconfigurable Dynamics (Re-Dyn) Method-
ology
In this section the main idea of this Chapter is presented and a method termed Re-
Dyn (Reconfigurable Dynamics) is proposed. This method is aimed at the flexible
manufacturing regime. It encompasses a design change to PMs that enables some
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of their dynamic properties to be reconfigured. This reconfiguration then allows
the manipulator to perform optimally for a multitude of requirements or tasks
that are predefined.
4.7.1 Re-Dyn Formulation
The primary objective of the Re-Dyn method is to design a parallel manipulator
with reconfigurable dynamics. This method falls into the category of dimensional
synthesis and can be a way to determine the amount of kinematic and dynamic
reconfiguration needed to satisfy multiple requirements. That is, how much shall
the designer physically make the kinematic and dynamic parameters change.
Reconfigurable Dynamics (Re-Dyn)
The systematic procedure for Re-Dyn for flexible manufacturing is as follows.
Given the general topology of the mechanism structure, its kinematics and dy-
namics are derived. Subsequently, the following steps encompass the method:
1. The design variables are obtained by analyzing ||Ji|| of each of the connected
bodies.
2. Determine the specifications of the functional requirements (FR’s) in task
space.
3. The designer now chooses the performance indicators linked to the FR’s
(eg. stiffness, reaction forces, dynamic actuator forces).
4. A multitude of optimization problems are set up. These correspond to a
mapping from each functional task space to design space.
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5. The optimization sequences are conducted and the results are compiled in
a vector of design variable solutions DVi, corresponding to the i
th variable.
Then the maximum (max) and minimum (min) values are taken for each
variable. This is given by min(DVi), max(DVi).
The above constitutes the Re-Dyn method and results in the bounds on the
reconfigurable variables needed to fulfill all the requirements optimally. It is
worth noting that during step 1 it is proposed to use the link Jacobians to find
appropriate design variables. Once the dynamics has been formulated with the
connection method, each Ji can reveal which parameters (kinematic and dynamic)
affect the motion of the mass centres more so. This eliminates any intuitive need
to select the parameters. Consequently, the amount of design variables can be
minimized.
4.7.2 Performance Design
In this section the mapping from design parameters (DP’s) to functional require-
ments (FR’s) is theoretically described. Also, step 4 of the proposed method is
formulated in an objective function for convenience to the reader.
A mapping from functional space to design space has been described by the
fundamentals of the Axiomatic design principles [102].
This can be described as a mapping from the functional requirement (FR)
directly to the design parameters (DP). In general, the design parameters will
be subject to a set of constraints determined directly by the behaviour of the
functional requirements.
All of the functional requirements come from the manufacturing process or
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the task space of the robot. These will always be a set of multiple requirements
for the PM and may consist of several foreseen tasks that the robot must perform
in a flexible manufacturing situation. A design matrix that encompasses a rep-
resentation of the mapping of the functional requirement space onto the design
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where n is the total number of functional requirements.
In a problem such as one in the manufacturing regime, the design parameters
are likely highly coupled between functional requirements.
Step 4 of the Re-Dyn method can be formulated as a general optimization
problem. Consequently, it is solvable by various methods. Let the dynamic
performance parameter be represented by DI ∈ RR. Then the design objective




(φi |γi|+ χi |ηi|) (4.41)
where φi and χi are weighting factors for each component determined by the
designer for suitability. γi and ηi are the functions directly associated with the
dynamic performance from the designer’s discretion in step 3.
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4.8 Design Study Example With Re-Dyn
The Re-Dyn approach formulated above is for the general case. In this section,
the approach is applied to the PM detailed in the first part of the Chapter.
The first step in generating a robotic manipulator that has Re-Dyn properties
is to select the design variables. As outlined in the previous section, the link
Jacobians are utilized in this step because they describe how the mass centres
can change with time. These are derived using Eqn. (4.23) and are detailed for
the specific PM just below Eqn. (4.25). If the 2-norm of the link Jacobians are
taken, it is evident that the top influential physical parameters that will affect
its magnitude are the mass ma, the length La and the length L1. These are
the same parameters that affect the magnitude of the individual elements of the
Jacobians. Notably, the mass m3 will also have an effect. However, it is coupled
with ma and is deemed less practical to be reconfigured and thus not included as
a design variable. A simplistic model of the PM with dynamically reconfigurable
parameters is given in Fig. 4.7.
The next step in the formulation is determining the specifications for the
functional requirements. Essentially, this would be enough specifications to solve
the dynamic model. Suppose that the functional requirements for a parallel
robotic mechanism consist of conducting a specified industrial task, or even a
multitude of tasks. These tasks are different tasks, such as two or more fast pick
and place operations from one spot to another or a couple machining operations
on a part.
Two tasks are chosen to illustrate the design process. The tasks consist of two
different trajectory maps for the manipulator in different positions in a general
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large task workspace. For simplicity, the end effector relative trajectory will be
the same between the tasks but the placement in the workspace will be different in
order to simulate variations in tasks. Consequently, the functional requirement
consists of tracking an elliptical shaped end effector trajectory. This can be
formulated as
 FR1: Tracking an elliptical end effector trajectory with center (0,1.5), radius
y: 0.25, radius x:0.05, at 2Hz
 FR2: Tracking an elliptical end effector trajectory with center (0,3), radius
y: 0.25, radius x:0.05, at 2Hz
where, radius x and radius y are the x and y coordinate radius’s respectively.
The 3rd step is to choose the dynamic performance indicators that are linked
to the FR’s. For this case study, the dynamic performance measures are those
derived in the previous sections. These are detailed and given by Eqns. (4.39)
and (4.34). The 4th step is to formulate the general optimization problem. For
this PM, a general addition of the indices is used, which yields a design objective
Dl = ψ + ζ (4.42)
that is specific to the performance indices chosen by the designer. Notably, this
objective function is evaluated for the entire FR and averaged to attain a single
value. This is done for all of the performance indices that vary throughout the



















4.8 Design Study Example With Re-Dyn
Figure 4.7: Parallel Robot with Reconfigurable Dynamic (Re-Dyn) Properties
where r is the number of discrete points taken to represent the FR and (w1, w2, w3)
are the weights associated with the different objectives .
The final step is to determine the bounds on reconfiguration for each of the
design variables. This is outlined below with corresponding details regarding
optimization constraints.
4.8.1 Inequality Design Constraints
Corresponding to the 5th and last step of the procedure, an optimization problem
must be solved. In general, the optimization formulation is subject to constraints
that are fundamental to robotic system design. Each design variable is subject to
upper and lower bounds set by the designer. Also, the robot must remain within
its workspace bounded by singularities. This is achieved by constraining variables
while utilizing a singularity analysis of the forward and inverse kinematics of the
manipulator.
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4.8.2 Results of the Re-Dyn variables
The objective function setup in step 4 is then minimized. This optimally maps
the task space to design space for each FR. The optimization problem in this
study has no analytical solution due to its high complexity. Consequently, the
Sequential Simplex method has been programmed and utilized. Notably, any
optimization scheme can be used or customized in this step of the proposed
method. The fundamental parameters that correspond to the PM used as a case
study are compiled in Tab. 4.1. The optimization procedure is conducted and
the optimal values for each task space or FR is given in Tab. 4.2 for convenience.
And an example of the convergence of one of the the optimization schemes can

















to which taking min(DVi), max(DVi) constitutes the last part of step 5. This
also yields the bounds on the reconfigurability for each design variable.
During the optimization procedure the weights utilized were w1 = 10, w2 =
10, w3 = 0.01. These can be chosen by the designer to place more emphasis on
one index. For illustration purposes, a plot of some of the objective function
components values locally can be observed in Fig. 4.9. This was conducted for
the optimized values for FR1. Evidently, these 2 components are quite nonlinear
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Table 4.2: Optimization Results Corresponding to each FR
FR# L1(m) ma(kg) La(m) avg(1/γ) avg(κ) ζ
1 2.37 14.9 2.62 1.19 1.66 0.0066
2 4.43 12.42 5.9 1.38 1.27 0.037
throughout the FR. This illustration also provides some interesting insight into
the objective properties.
Thus, the parallel robot utilized in this study must have its kinematic and
inertial mass properties reconfigurable with bounds encompassing that of the
optimal results. This is the requirement set for the physical parameters.
4.9 Dynamic Simulations
This section focuses on simulating the parallel robot under forward dynamic
situations. Namely, the simulations focus on the situation in which the robot
is conducting the function tasks it was designed for. Though control is utilized
in this section in order to characterize performance situations, it is not the focus
of this case study. Control for parallel robots will be further studied later in this
thesis. In this section, a proportional derivative (PD) control sequence with fixed
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Figure 4.8: Objective Function Convergence
Table 4.3: Nominal Robot, Control Errors for both FRs (the subscripts 1 and 2
refer to FR1 and FR2 respectively
RMS1 RMS2 Offset error1 Offset error2
unstable 0.0135 unstable -0.0068
gains for all simulations is used, for comparison purposes.
This section is set out to compare simulation results of the Re-Dyn robot
with that of the nominal robot. The nominal robot has the same topology of
the Re-Dyn PM and a constant longer leg length of 7m (L1 = L2 = 7m) so
that its workspace may encompass multiple functional requirements. It also does
not have the added components for force balancing (La = ma = 0). All other
parameters remain the same as the Re-Dyn robotic structure. In this section the
forward dynamics was simulated with Simulink and SimMechanics at a tracking
frequency of 2Hz. This was appropriate because the model could also be utilized
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Figure 4.9: Local objective function illustration, (Solid: κi, Dashed: 1/γi)
Table 4.4: Re-Dyn Robot, Control Errors for FR1 and FR2
RMS1 RMS2 Offset error1 Offset error2
0.0234 0.0129 -0.0069 -0.001
to calculate reaction forces and develop a control loop.
The results for the reaction force for the first FR is illustrated in Fig. 4.10,
while the computed root mean square (RMS) error and offset error are given in
Tables 4.3 and 4.4 for the nominal system and the proposed system respectively.
While the proposed robot conducts a stable tracking situation using the fixed
parameter controller, the nominal system in this case was not stable in this region
of its workspace for the latter part of the simulation with the same controller.
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Figure 4.10: FR1, Nominal (dashed) vs. Dynamically Reconfigured (solid), Re-
action Force.
The control effort was not sufficient enough to provide tracking for this functional
requirement, consequently its end effector passed through a singular region just
after 2 seconds of simulation. It is thought that a more complex controller should
be able to provide tracking in this region. For illustration purposes, its reaction
forces during the time that it remained stable is shown in Fig. 4.10. Evidently,
the reaction force of the nominal system is much larger than that of the Re-Dyn
robotic system. For the second functional requirement, both robots remained
stable and tracked the functional requirement while attaining satisfactory results.
The results for the reaction force can be observed in Fig. 4.11. The nominal
system produced a very large reaction force, whereas the Re-Dyn one produces
a very slight oscillatory force as expected. The corresponding results for the
control errors can be observed in Tab. 4.3. While comparing the nominal robot
to the proposed one, the RMS error is similar and the average offset error is more
than 60 times less for the Re-Dyn system. This indicates that whilst the Re-Dyn
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Figure 4.11: FR2, Nominal (dashed) vs. Re-Dyn (solid), Reaction Force.
robot has extra components for force balancing, its reconfigurability allows it
to perform better than the nominal robot in a forward dynamic situation when
conducting its functional requirement number 2. Also it performed well for the
first functional requirement, while the nominal robot failed after 2 seconds.
Also, during the simulations, the resulting tracking errors were collected and
compared for the nominal robot and the Re-Dyn one for FR2. These correspond
to the data utilized for the computations of Tables 4.3 and 4.4. The time data
can be observed in Fig. 4.12. The tracking errors observed in Fig. 4.12 confirm
the data of Tables 4.3 and 4.4. Also, the control effort was measured during
simulations. Fig. 4.13 compares the control effort of the nominal robot to that of
the Re-Dyn one for FR2. Evidently, the Re-Dyn robot will consume slightly more
energy, which is expected due to its added masses which are also reconfigurable.
Notably, the control effort peak for the 2 robots was approximately the same.
This in turn indicates the same actuators can be utilized between the 2 robots.
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Figure 4.12: FR2, Tracking Error, Nominal (dashed), Re-Dyn (solid)
The optimal compromise between the reaction force and control effort can also be
changed by the designer in step 3 of the Re-Dyn method by either changing the
indices or inducing more weight on a term. Since the mass for a robot a Re-Dyn
robot is changeable as well as removable, it is valid to even change performance
indices between FRs.
Notably, these simulations show that reconfiguring the kinematic and dynamic
properties of the robot can potentially make use of one robot with good dynamic
characteristics for multiple tasks, which would not be possible with one traditional
robotic mechanism. Emphasis is placed on an optimal dynamic configuration for
each functional requirement. On a side note, related performance indices for
things such as the speed of the robot may also be obtained from the dynamic
model. These can be investigated in a future work.
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Figure 4.13: FR2, Control effort, Nominal (dashed), Re-Dyn (solid)
4.10 Experimental Prototype
This section describes the experimental study used to validate the simulations.
A physical model used to replicate the same structure used as an example in the
above sections was constructed. A kinematic diagram can be observed in Fig.
4.14. Notable are its slight differences in structure to better accommodate for
the constraint. Also, the kinematics and dynamics were re-formulated to take
this into account.
In this section, again 2 different FR’s are used. They are given by:
 FR1: Tracking an elliptical end effector trajectory with center (0,0.12),
radius y: 0.002, radius x:0.0015, at 1Hz
 FR2: Tracking an elliptical end effector trajectory with center (0,0.15),
radius y: 0.0015, radius x:0.0125, at 1Hz
In the next step of the Re-Dyn formulation the objective function is taken
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Figure 4.14: Prototype kinematic model
as equivalent to Eqn. (4.42). For steps 4 and 5 in the Re-Dyn process, separate
optimization sequences were setup to map each FR to design space. Each result is
compiled into a design variable solutions vector. The details on the optimization
setup for steps 4 and 5 are not included as they are redundant to the previous

















which correspond to L1, ma and La respectively. The minimum and maximum
values for each design variable are then taken as the reconfiguration range to
design the PM around.
The prototype is constructed out of 15mm square aluminum extrusions and
61
4.10 Experimental Prototype
rapid prototype parts made out of ABS plastic. It was designed with the intention
of using it as 2 separate robotic systems. The nominal system is the first which
consists of essentially the 2-DOF robotic structure that is not reconfigurable and
does not have force balancing weights. It’s main link length L1 is set to a fixed
0.178m. The second robotic system is one that exhibits Re-Dyn properties. That
is, its kinematic and dynamic properties defined in the previous sections are made
reconfigurable within the prescribed design limits.
Power to the custom robotic unit is supplied by a standard ATX size power
supply. Data acquisition and control sequences are set up and obtained via dSpace
ControlDesk. Also, Matlab/Simulink was utilized to design and implement the
control system. The kinematics was implemented in a custom control block that
output the trajectory for the robot to follow. These were part of the FR’s de-
scribed. The motor position is tracked using quadrature encoders mounted on
the DC motors. The calculated position is compared to the desired position and
a PD controller adjusts the motors.
Reconfiguration is achieved in simple passive ways. The link length and
weight position are adjusted by loosening a screw, adjusting the position, and
re-tightening the screw (one for each weight and link). The mass of the balancing
weights are designed by stacking large steel washers over a core, so that wash-
ers can be added or removed to adjust the weight. Table 4.5 lists all relevant
dimensions and masses of the prototype required for the analysis.
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Figure 4.15: Prototype experimental setup
4.10.1 Experiment Results
This section describes the results of the experiments. Essentially, the robots were
tested while functioning the prescribed FR’s. The experiments compares the
performance of the nominal robot to the Re-Dyn robot.
The full results can be observed in Tables 4.6 and 4.7 where a computed
root-mean-square (RMS) value of the experimental data is shown. Evidently, the
Re-Dyn robot performs more optimally compared to the Nominal system for all
FR’s. This correlates well with simulations. Notably, all experimental results
were post-processed and filtered with a low-pass Butterworth filter with cutoff
frequency of 100Hz.
Also, for illustration purposes, the control effort for the systems can be ob-
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L1 164 - 215 mm
q1,q2 0-140 mm
La 0 - 85 mm
Lq 65 mm
mp 0.0423 kg





Table 4.6: Nominal Robot, Control Errors for FR1 and FR2
FR Effort RMS Error RMS
1 108 0.535
2 166.9 0.741
served in Fig. 4.16 while performing FR2 for 5 seconds. Interestingly, the shape
of the control voltage signal shows smoother acceleration for the robot with re-
configurable dynamics. Moreover, the resulting control errors while performing
the same FR can be observed in Fig. 4.17. Evidently, the experiments illustrate
the performance advantages of the Re-Dyn method.
4.11 Conclusions
This Chapter has endeavoured into mechanical design for flexible manufactur-
ing. The idea to synthesize robotic systems with dynamic properties that are
reconfigurable is investigated. As a consequence, a method is proposed in a step
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Table 4.7: Re-Dyn Robot, Control Errors for FR1 and FR2
FR Effort RMS Error RMS
1 113.9 0.442
2 149.8 0.531
sequence that enables the optimal design of the parameters of a robot that has
its kinematic and dynamic parameters reconfigurable. An example mechanism
is studied in detail for this purpose. The Chapter first formulates its kinematics
and forward dynamic model. The connection method is utilized. Subsequently, a
description of possible performance indices is illustrated in terms of the force bal-
ancing and dynamic performance. The Re-Dyn method is then formulated in the
general case which is applicable to any PM for the purpose of flexible manufac-
turing. It is then applied to the case study robotic structure. Then, a simulation
study is conducted to illustrate the advantages of the proposed Re-Dyn method.
Lastly, an experimental investigation is conducted to verify the simulations.
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Figure 4.16: Experimental control effort, Re-Dyn (top), Nominal (bottom)
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In this Chapter a mechanical design that is semi-active reconfigurable is studied.
Essentially, an semi-active device could be one that in essence it used as part
of a larger automation sequence where the control system temporarily stops the
operation of the device and it automatically reconfigures for the next scheduled
operation. The manipulator properties are studied, along with the variation of
properties with the variation of configuration. This provides a step further in the
direction of robotic adaptability.
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5.1 Mobility and Geometric Description
Figure 5.1 shows the proposed ReSl-Bot. It consists of 3 limbs. Each limb is
identical and has 2 revolute joints, 1 prismatic joint, and a spherical joint. They
are arranged in the order RRPS (revolute-revolute-prismatic-spherical) where the
first revolute joint and the prismatic joint are actuated. The design importantly
incorporates a gear train system that enables the reconfiguration of the robotic
manipulator. The primary actuation of the reconfiguration is the central bevel
gear which is indicated in Fig. 5.1. This central gear is actuated by means of a
DC motor beneath the base and is only driven for reconfiguration when the robot
is not in use. This makes the ReSl-Bot self-reconfigurable. This central bevel gear
drives 3 other bevel gears each of which is attached to an Acme screw system
that drives the vertical axis of the first revolute joint, and the entire first link.
Typically, a manipulator is named according to the number of limbs and the types
of joints it consists of [10, 82]. Notably, in this case the first 2 revolute joints form
a swing link. It is chosen to name this robot ReSl-Bot short for Reconfigurable
Swing-link Parallel Robot. Importantly, due to the inherent design of the robot
once the vertical axis of the first revolute joint is driven towards the outer part
of the base enough, the swing link must rotate 180 degrees providing for an
interesting alternative configuration. This is simply denoted configuration B in as
opposed to A in Fig. 5.1. A detailed render of this configuration can be observed
in Fig. 5.2 with the moving platform off center for movement illustration.
The mobility of the ReSl-Bot can be attained from the well known Grübler
equation.





5.2 Kinematic and Velocity Models
Figure 5.1: The parallel manipulator design (configuration A)
where λ is the motion parameter, n is the number of links, j is the number of
joints, and fi is the degrees of relative motion permitted by joint i . With this
relation the ReSl-Bot can be shown to have 6 degrees of freedom.
5.2 Kinematic and Velocity Models
This section focuses on determining the kinematic models for the ReSl-Bot. Fig-
ure 5.3 depicts the parameters used to define the models. Firstly, the inverse
kinematics of a manipulator enables the computation of the joint variables given
the pose of the end effector. This is essential in the design and control of a ma-
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Figure 5.2: The parallel manipulator design (configuration B)
nipulator. Subsequently, the velocity kinematics can be derived using the results
from the inverse kinematics and the fundamental vector loop equation.
5.2.1 Inverse Kinematics
For the inverse kinematics problem a vector schematic has been constructed and
illustrated in Fig. 5.3. The base frame, O, is fixed and is represented by the
coordinates [x,y,z], while the moving platform has a frame, M, attached to it with
coordinates [x’,y’,z’]. Let, θi and li be the actuated joint variables of the i
th limb,
P̂ = ~OEi the position vector of the moving platform, r̂i=EiDi the vector defined
from the center of the moving platform to the ith spherical joint, âi = ~OBi the
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Figure 5.3: Vectoral representation
vector from the center of the fixed coordinate system to the first revolute joint in
the ith swing arm, b̂i = ~BiAi the vector along the length of the swing arms, and
l̂i = ~AiDi the length vector of the i
th prismatic joint. Important to the kinematic
derivation is the vector EiDi. This vector’s orientation is directly coincident with
the orientation of the moving platform. Therefore, if Euler angles are used to




where MO R is the rotation matrix defined by yaw, pitch and roll (ψ,θ,φ) of frame
O with respect to frame M, and r̂bi is the representation of the vector EiDi in
the frame M.
72
5.2 Kinematic and Velocity Models
The loop closure equation is given by (for i=1,2,3)
~OEi + ~EiDi = ~OBi + ~BiAi + ~AiDi (5.3)
which can be expanded to the following for the ReSl-Bot structure outlined in
Fig. 5.3
Px + rxi = axi + bi cos(θi)− li cos(βi) cos(θi) (5.4a)
Py + ryi = ayi + bi sin(θi)− li cos(βi) sin(θi) (5.4b)
Pz + rzi = li sin(βi) (5.4c)
with i=1,2,3. Notably, the self-reconfiguration is designed so that the length of
the vector âi is the same for i=1,2,3. The length of the vector b̂i is also kept
constant throughout the 3 limbs. In Eqn. (5.4) the Cartesian components of the
corresponding vectors are given the subscripts xi,yi and zi corresponding to the
ith joints x, y and z components respectively.
Equations (5.4a) and (5.4b) can be utilized to deduce a relationship for one
of the ith joints actuated variables, θi. This relationship is given directly by
θi = arctan
(
Py + ryi − ayi
Px + rxi − axi
)
(5.5)
which can be directly used in the inverse kinematics whilst taking into account
the quadrant.
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(Px + rxi − axi)2 + (Py + ryi − ayi)2
}2
(5.6)










which relates the actuated joint variable, li, as a function of the pose (Px, Py, Pz, ψ, θ, φ)
indirectly. The ± refers to the 2 solutions, or 2 working modes. One refers to this
relationship as indirect because it is simplified; the vector components, rxi, ryi,
and rzi are highly nonlinear functions of the Euler angles that can be determined
from Eqn. (5.2).
Consequently, the inverse kinematic model (IKM) is expressed explicitly in
compact form as follows:












Xi = (Px + rxi − axi) (5.8c)
Yi = (Py + ryi − ayi) (5.8d)
Zi = (Pz + rzi) (5.8e)
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where atan2 represents the arctangent taking into account quadrant, and the
physical working mode for the the prismatic actuator has been identified in Eqn.
(5.8b).
5.2.2 Velocity Equation
The velocity model is obtained by differentiating the loop closure equation, Eqn.
(5.3), with respect to time. This is given by:
vp + ωr × r̂i = ωθi × b̂i + ωi × l̂i + l̇ik̂li (5.9)
where ωr, ωθi , and ωi are the vectoral angular velocities representative of the
moving platform. Also, vp is the velocity of the centroid of the moving platform
and k̂li is a unit vector in the direction of l̂i.
In order to eliminate the term associated with the passive joint variable,
Eqn. (5.9) is dot multiplied with l̂i. This yields an expression of the form:








· ωθi + l̂i · l̇ik̂li (5.10)











which for (i = 1, 2, 3) directly relates the Cartesian velocities, vp,ωr, to the actu-
ated joint velocities, ωθi , l̇i. Importantly, this relation can be used only to relate
the velocities and not for Jacobian formulation due to the non-square matrices
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obtained.
5.2.3 Jacobian Formulation via Reciprocal Screws
The Jacobian analysis of a parallel robotic manipulator is traditionally formulated
directly from the time derivative of the vector loop equation. However, regarding
some mechanisms, including the one studied here, a reciprocal screw approach
provides more insight. This approach also avoids tedious parametrization errors
and allows precise and complete description of singularity types.
For each of the 3 limbs of the ReSl-Bot the platform twist in Plücker axis
coordinates can be written as
T = Qiq̇i + Piϕ̇i, i = 1, 2, 3 (5.12)
where Qi and Pi are the active and passive joint screws [103], and q̇i and ϕ̇1 are
the active and passive joint rates. Letting wi be a pair of wrenches in Plücker
ray coordinates that are reciprocal to the passive joint screws, one can eliminate
the passive joint rates in Eqn. (5.12) by pre-multiplying by wTi . This yields an

















where W = [w1 w2 w3] is the wrench matrix.
Equation (5.13) relates the velocity of the mobile platform to that of the
actuator rates. Its form is analogous to the well known form first proposed in
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[92], Aẋ = Bq̇, where A is denoted the instantaneous direct kinematics matrix
(or wrench matrix if the equation is directly in screw form) and B is denoted
the instantaneous inverse kinematics matrix. Both of the matrices A and B are
Jacobian matrices that are in screw form in Eqn. (5.13).
The first step in determining the Jacobian matrices by method of reciprocal
screws is to determine the instantaneous twists associated with all the joints
for each limb. For this purpose an instantaneous reference frame C(xr, yr, zr)
is introduced with origin at point E and with the xr, yr, zr axes parallel to the
X, Y, Z axes of the fixed base frame. Correspondingly, all the joint screws for
each limb are then expressed with respect to this frame. In this work the joint
screws are individually denoted with the common notation $̂j,i corresponding to
the jth joint of the ith limb. These are given by
$̂1,i =
 ŝ1,i(




























where ŝj,i represents a unit vector along the j
th joint axis of the ith limb. The
above Eqn’s (5.14) through (5.19) constitute the twist system for the ith limb.
These can be observed in Fig. 5.3.
The corresponding wrench system that is reciprocal to the twist system can
now be formulated. Physically, a reciprocal screw represents the driving force
exerted by the limb. The proposed parallel structure is dully actuated in each
limb, thus 2 reciprocal screws are expected. 2 screws reciprocal to all of the











which can be verified by computing the reciprocal condition. Together, these
screw wrenches form a 2-system to yield wi. Consequently, it is now possible to
determine a relation of the form of Eqn. (5.13). Utilizing, wi, after simplification,
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where [ωp;Vp] = ẋ and [l̇i; θ̇i] = q̇i. Equation (5.22) is then augmented for
i = 1, 2, 3 to form the full velocity relationship of Eqn. (5.13). As a result the full
(6 by 6) A and B Jacobian matrices are obtained via reciprocal wrench screws.
5.3 Singularity Analysis
The singularity classification of parallel robotic structures is an important element
in design and function. Researchers have focused on this topic and the many
variations [4, 103–107].
In this Chapter, singularities are classified into 2 categories. The resulting
form of Eqn. (5.22) after augmented for i = 1, 2, 3 aids in identification and
differentiation of the types. These types are:
1. Twist singularities (Type 1 singularity)
2. Wrench singularities (Type 2 singularity)
The first category referred to as twist singularities is associated with the
singularities of serial mechanisms. When this occurs the robot limb loses at least
one degree of freedom which consequently restricts the motion of the moving
platform by at least one degree of freedom. These types of singularities and
how they apply to serial robotic applications are well studied in literature. The
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second type termed wrench singularity is only present in parallel or hybrid parallel
mechanisms and is inherently more complex. This type of singularity limits the
ability of the PM to equate static loads. That is, the mobile platform is able to
move with instantaneous motion even if all of the actuators are immobilized and
gains at least one degree of freedom. They are sometimes referred to as platform
singularities and should be avoided at all costs.
This interpretation of gaining or loosing a degree of freedom can be further in-
terpreted by inspecting equation q̇ = B−1Aẋ, or variants of this equation. If the
direct kinematics matrix is singular (det(A)=0) then the relation B−1Aẋ = q̇
has a nontrivial solution. That is, a solution for ẋ 6= 0 when q̇ = 0. Thus, the
moving platform gains an uncontrollable degree of freedom. On the other hand,
if the instantaneous inverse kinematic matrix is singular (det(B)=0, twist singu-
larity) then the relations ẋ = A−1Bq̇ has a nontrivial solution corresponding to
q̇ 6= 0 for ẋ = 0.
5.3.1 Twist Singularities
The enumeration of the PM’s Type 1 singularities is conducted by analyzing the
instantaneous inverse kinematic matrix, B. When this matrix is singular then
there exists a Type 1 singularity within the PM. For the ReSl-Bot, there exists
one of these for each kinematic limb. The below theorem outlines the Type 1
singular configurations.
Theorem 1 : The ReSl-Bot possesses Type 1 singular configurations when the
following relation is satisfied:
(−b+ cos(β1)l1) (−b+ cos(β2)l2) (−b+ cos(β3)l3) = 0 (5.23)
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Figure 5.4: Characteristic tetrahedron showing wrenches acting through the
spherical joints
It is observed that the Type 1 singularities inherently occur for any value of Z,
and consequently create 3 ”lines” within the workspace where they occur. These
singular ’lines’ within the workspace can also be viewed as configurations in which
there are infinite solutions to the inverse kinematics model, in which the ith line
corresponds to θi. Importantly, these singular areas can be taken into account
when developing a controller for the manipulator. Either, the trajectory planning
can avoid these sections, or the inverse kinematics can be modified to account
for this. In some configurations of the reconfigurable length the manipulator will
loose 1 degree of freedom when 1 of the 3 singular ’lines’ are encountered. Thus,
it is possible to devise a control system that can pull the moving platform through
a singular point. This type of control however, is out of the scope of this Chapter.
One main design feature that should be avoided is one in which all 3 singular lines
coincide. If this occurs, when the moving platform encounters the singularity it





The wrench singularities or Type 2 singularities occur if and only if the wrench
matrix, W , is singular. Specification of all such singularities is well known to be a
daunting task for the majority of spatial PM’s. In attempt at directly computing
an analytical solution to the determinant of the matrix A reveals a very complex
determinant form, to which not much insight can be gained from. Consequently,
the determinant-based method is not adopted for such a mechanism.
The work of [103] progressed in Type 2 singularities for certain parallel mecha-
nisms. The PM must have 3 limbs and each of the limbs is attached to the moving
platform by a passive spherical joint. All other joint architectures could be of any
type and order. The ReSl-Bot falls under this category. Their work illustrates
that Type 2 singularities are directly related to the singularities of a characteristic
tetrahedron.
5.3.2.1 Characteristic Tetrahedron
A definition of the characteristic tetrahedron is given in this section. Consider-
ing the spherical joints attached to the moving platform, it can be noted that
at any time instant each limb can only generate 2 linearly independent forces
through the joint. These forces will always lie in a plane known as the force
pencil [103, 108]. For a dually actuated PM like the ReSl-Bot these forces can
be directly represented by the obtained wrench screws. The force pencils form
3 separate planes that pass through each of the spherical joints. Amalgamating
these 3 planes with the moving platform forms the characteristic tetrahedron. A
graphical representation of this can be observed in Fig. 5.4. If the 4 faces of the
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tetrahedron are represented by a, b, c and d(platform) , and the coordinates of a
point xh, the equations of the planes can be written in homogeneous form
[a b c d]Txh = 0 (5.24)
As shown by [103], essentially if there is no solution to Eqn. (5.24) other than
the trivial one (xh = 0), then there is no common point to the 4 faces and the
tetrahedron is non-singular. This can be broken into a fundamental Null-space
problem in linear algebra.
Correspondingly, if the tetrahedron is singular then the parallel mechanism is
exhibiting a Type 2 singularity. Thus, cases for which the tetrahedron is singular
are possible to visualize from results of solutions to Eqn. (5.24).
5.3.2.2 Singular Configurations (wrench)
Ebert-Uphoff et. al. generalized cases related to the enumeration of singular con-
figurations. Identified are 9 different cases that are singular, there may however
be more. See [103] for some more details on determining the 9 cases generalized
in nature. All of these cases apply to the ReSl-Bot. However, most of these cases
can be shown to be far outside of the range of motion of the ReSl-Bot. The
characteristic tetrahedron also provides geometrically intuitive solutions. For the
ReSl-Bot, the way in which the tetrahedron changes can be computed by visualiz-
ing the planar pencils for every solution to the inverse kinematic problem. If this
is conducted it can be realized that there is 1 singularity case that is possible to
occur inside the joint ranges of the ReSl-Bot. This corresponds to the cases when
the planar pencils formed by 2 limb wrenches meet in 1 plane (form a basis for
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the same plane). This can occur for 3 separate combinations. That is, when the
tetrahedron sides a and b or sides a and c, or sides b and c meet in a plane. This
wrench singularity is graphically illustrated in Fig. 5.5. Geometrically, regarding
the limbs of the ReSl-Bot, this wrench singularity occurs for inverse kinematic
solutions that attain 2 parallel swing links (b̂i) and 2 parallel vertical limb sections
(l̂i), or equivalently those that obtain the exact same θi for 2 of the limbs (in the
global frame) and the exact same βi. Consequently, the following theorem must
be satisfied for the occurrence of a wrench singularity within the workspace of
the ReSl-Bot.
Theorem 2 : Dependent on the reconfigurable architecture, the pose of the
ReSl-Bot must satisfy the following criteria in order to possess a Type 2 singular
configuration
1. Lie within the physical limits of all the joints of every limb
2. And one of
(a) θ1 = θ2 and β1 = β2
(b) θ1 = θ3 and β1 = β3
(c) θ2 = θ3 and β2 = β3
The above enumeration of Type 2 singularities can then be taken into account
whilst in the design stage of the ReSl-Bot, or it can be taken as a criterion in
the reconfiguration. Notably, given a geometry in which the wrench singularity
occurs, it has been observed that this primarily transpires near the translational
edge of the workspace.
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Figure 5.5: Singularity case obtained from the characteristic tetrahedron
5.4 Workspace
In this section, the procedure for calculating the 6-DOF ReSl-Bot’s workspace is
illustrated. In this dissertation, only the constant orientation workspace is con-
sidered. Relevant studies can be found in [109, 110]. The orientation of the end
effector affecting the Cartesian workspace is directly illustrated by changing the
orientation and re-computing the Cartesian workspace. Also, the manipulator’s
Type 1 singularities that are within the workspace are included in the workspace
illustrations. Type 2 singularities are checked for and not considered part of the
workspace.
The basic kinematic constraints that limit the workspace are illustrated below.





The actuator’s stroke is one of the major factors that limit the workspace of the
manipulator. Generally, there are both a minimum and maximum value for the
physical possibilities of the length of the associated prismatic actuators. The
imposed constraint on the ith limb can be written in the form:
li.min ≤ li ≤ li,max for i = 1, 2, 3, (5.25)
where li,min and li,max are the minimum and maximum values of the i
th actuated
leg length respectively.
The range of the passive joint variable, βi, is also constrained to be within set
feasible values. Essentially, for this constraint the numerical values do not largely
depend on the chosen size of the manipulator. Thus, one can formulate directly:
0 < βi < π (5.26)
which constrains this passive angle to be within the top half of the angle range.
The most critical angular joints that will constrain the workspace are the
spherical joints attached to the moving platform. Let, k̂ri be the unit vector in
the direction of r̂i. Then one can determine the angle within the spherical joint







which is constrained by
αi,min ≤ αi ≤ αi,max (5.28)
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Figure 5.6: Manipulator workspace, constant orientation (ψ = 0, θ = 0, φ = 0)
volume=0.0262m3.
where αi,min and αi,max are the minimum and maximum values attributed to the
angular movement of the joint.
The above constraints are encoded directly into the workspace calculation for
a more accurate representation.
5.4.2 Cartesian Workspace Results
In this section the Cartesian workspace is calculated and the results are pre-
sented. The calculation for the ReSl-Bot’s workspace is chosen to be conducted
in Cartesian coordinates directly. It is computed numerically by solving the in-
verse kinematics problem. A cubical grid is defined that surrounds the robots
structure. Then, points at a chosen step size are computed and checked within
this cube for solutions to the inverse kinematic model (IKM). If there exists a
solution taking into account all constraints, then the point is taken as one that
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lies within the robots workspace. This is done for the entire cube. Notably,
the physical parameters utilized as an example for the workspace calculation are
given directly in Table 5.1. The step size chosen for illustration was 16.5mm.
This was chosen to be a trade off between accurate portrayal and computation
time given the size of the robot and the size of the cube (400 × 400 × 400mm).
Figure 5.6 illustrates the Cartesian workspace for the ReSl-Bot with the plat-
form orientated at ψ = θ = φ = 0. Opposite each vertex there exists the 3 lowest
points in the workspace. These lower sections are mostly constrained by the min-
imum and maximum angular values for the spherical joint. The overall structure
of the workspace in a way mimics that of the its triangular moving platform.
Notably, in the illustrations the inclusion of the singular lines have been clearly
shown. These correspond to the 3 vertical (red) chain lines. Also, to study the
effect that the orientation of the moving platform has on the Cartesian workspace
2 more illustrations have been devised. Figure 5.7 shows the workspace with a
constant yaw of 15 degrees. The shape of the 3 dimensional workspace changes
in an intuitive manner. It becomes asymmetric and now contains 1 lowest arc
like section and 1 highest arc like section. Also, its volume decreases. Further-
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Figure 5.7: Manipulator workspace, constant orientation (ψ = 15deg., θ = 0, φ =
0) volume=0.0249m3.
more, the workspace is also studied with a constant pitch of 20 degrees. This is
illustrated in Fig. 5.8. It can be observed that in this case the upper limit of
the workspace has flattened out and the lowest 3 sections display behaviour much
like that of the previous case.
Furthermore, a brief parametric study is undertaken to illustrate the varia-
tion in the workspace volume when the ReSl-Bot is reconfigured. The constant
orientation workspace is computed for several variations of the semi-active recon-
figurable parameter a. The results are tabulated for 3 such cases in Tab. 5.2. It
can be seen that the effect of the reconfiguration on the general volume of the
workspace is significant.
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Figure 5.8: Manipulator workspace, constant orientation (ψ = 0, θ = 20deg., φ =
0) volume=0.0230m3.





5.5 Stiffness and Dexterity
The stiffness of parallel manipulators is an important measure in the design and
analysis of new and existing designs. It can reveal portions of the workspace that
are associated with high compliance, and possible design changes that can accom-
modate for this. It is the norm to assume that the flexibility of the mechanism
is localized at the active joints. Then, the Cartesian stiffness would depend on
the pose of the end effector directly. This assumes that links are completely rigid
and the passive joints are perfect [111]. For serial manipulators, this formulation
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originates back to the work of Salisbury [112], which was extended to parallel
manipulators by Gosselin [113]. Essentially, the duality of kinematics and statics,
[114], relates the forces and moments at the end effector to the required forces
or moments at the active joints by the transpose of the Jacobian matrix. This
relation is given by:
F = JT f (5.29)
where f is the vector of actuator forces or torques, F is the generalized vector
of Cartesian forces and torques at the end effector and J = B−1A. F is also
known at the wrench on this link [113]. Consequently, the stiffness matrix of the
mechanism in Cartesian space is given by the following expression [115, 116]:
K = JTKJJ (5.30)
where KJ is the joint stiffness matrix, with KJ = diag[h1, ..., hn], where each
of the actuators is modeled as an elastic component. In the case of a hybrid
manipulator like the one studied in this Chapter, the prismatic actuators will have
a different stiffness comparatively to the revolute actuators. These are denoted hl
and ht for the prismatic actuator and the revolute actuators stiffness respectively.
One way of obtaining sections of the workspace in which feasible solutions
for the stiffness matrix are possible is to fix the pose and z position of the end
effector for certain configurations. The result is a planar x − y zone that can
be obtained with the fixed degrees of freedom. This zone can also be viewed
as a slice of the workspace. As an illustrative example the stiffness in the z
direction is computed for a defined z height. This stiffness value is obtained
from the 3rd diagonal element in the stiffness matrix. With hl = 100kN/m and
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Figure 5.9: Manipulator stiffness (Pz = 0.25m).
ht = 300Nm/rad, the illustration can be observed in Fig. 5.9 for Pz = 0.25m.
Notably, the pose orientations are all set to 0 as well. Unique to this manipulator,
the stiffness in the z direction is independent of the stiffness of the active revolute
joints. Essentially, the stiffness is greatest near the center, with nonlinear dips in
stiffness nearer the boundaries of the workspace slice. There exist nonlinearities
near the center, where there is a slight dip in stiffness exactly at the center point.
This is directly attributed to the geometric parameters
As the Jacobian analysis aids in stiffness formulations it also allows us to
establish a relationship between the accuracy at the manipulators end effector,
∆X, and the measurement errors on the actuators, ∆Q. The relative error in the
actuators is related to the error in the end effector pose by an amplification factor.
This can be illustrated by deducing the general velocity equation in incremental
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form [4]. The result obtained for this amplification factor is given by
κ = ||J ||||J−1|| (5.31)
which can be computed for any end effector pose within the workspace which
is not singular. It is also sometimes normalized for consistency in angular and
linear units. Considering the formulation of the stiffness matrix that has been
described above, it is also useful to note that the amplification factor, also called
the condition number, κ, can also be obtained by computing the eigenvalues of
the stiffness matrix and taking the square root of the ratio between the minimum
and maximum eigenvalue [2]. This is obtained by
v = 1/κ =
√
λmin/λmax (5.32)
where λmin and λmax are the smallest and largest eigenvalues of the stiffness
matrix, respectfully.
The numerical computation procedure is much the same as that described for
the stiffness of the manipulator. The condition number is often considered a good
measure of kinematic performance. Importantly, the value of the amplification
factor is also affected by regions near singularities. The value of v varies between
0 and 1, 1 being the absolute best value possible. Developing a parallel robot that
has good stiffness and kinematic properties is often considered a design objective.
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Figure 5.10: Average z-direction stiffness computed with variation of parameters
a and r
5.5.1 Global Variations with Parameter Configuration
This section’s aim is portrayal of some of the manipulator’s average properties
within its reachable workspace. Average refers to the mean value within the
workspace or a defined portion of the workspace. For this purpose a rational
algorithm is devised to compute the average stiffness in certain directions as well
as the dexterity. Essentially, there are 3 main design variables that define the
fundamental architecture of the ReSl-Bot. These are the physical vector lengths
a, b and r. One of these variables is reconfigurable, and such it is insightful and
intriguing to illustrate the possible change in fundamental properties with this
variable. Average properties are used in this section. That is, the algorithm
simply averages the value of the property throughout the workspace and gener-
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ates only one value to be used for a given manipulators pose. This is done for
variations of manipulator design variables and compiled for graphical illustra-
tion. These graphical illustrations may provide insight for optimization and/or
reconfigurations devised for a particular application or functional requirement.
As an example of property variation the stiffness in the z-direction is computed
and averaged for a variation of a and r, while keeping b = 0.085 m. Also,
the height of the moving platform was kept at 0.15 m while keeping a constant
orientation. The average stiffness progression with geometry variation can be
observed in Fig. 5.10. Evidently, there is a highly nonlinear relationship between
the average stiffness and the ReSl-Bot’s design variables. The average stiffness
is seen to have a value of about 150 kN/m through to above 210 kN/m, a
significant variation. Notably, the un-averaged properties at a particular end
effector pose between variations of design variables vary much more than the
average values within the workspace. Other averaged fundamental properties such
as the workspace volume and dexterity also vary in a significant and nonlinear
fashion. Also, the reconfigurable attribute inherent to the proposed design is
shown to have an important effect. Notably, a similar nonlinear illustration is
obtained using the parameters a and b. The proceeding section builds upon this
with an optimization case study.
5.6 Optimization Case
In this section the ReSl-Bot is subject to an optimization procedure. This problem
is essentially laid out as the determination of geometric dimensions of the robot
such that it complies as closely as possible to the performance needed for a task
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at hand. This can be thought of as a customization of the robotic manipulator.
One of the most utilized methods in solving such complex problems is the cost
function approach. This method is classic to mechanism theory [4]. The method
can fundamentally be broken down into 2 major steps. These are:
1. select the performance criterion and combine them as n indices, I1 to In, in
a weighted sum termed the cost function, C =
∑n
i=1wiIi
2. determine the physical values of the design variables, DP , that minimizes
the cost (objective) function using a numerical procedure.
As an example of the cost function optimization procedure of the proposed
manipulator 3 separate indices are chosen. These are the constant orientation
volume of the workspace, vertical stiffness, and dexterity of the manipulator.
The stiffness and dexterity are computed at the mean plane of the workspace.
The design variables chosen are the same ones briefly discussed in the property
variation subsection above. These are the geometrical values a, b, and r, which
correspond to the lengths of their respective vectors in Fig. 5.3. Noteworthy is
that although the value of a is reconfigurable in the proposed manipulator, for
this optimization case it is treated as a design variable as well.
Essentially, the optimization problem is a multi-objective problem and can be





where I1 is the total volume, I2 is the mean vertical stiffness from the 3
rd diagonal




weight, wi, is associated with the i
th performance index. Explicitly, the volume
is the constant workspace volume calculated by the same discrete method used
in the workspace section, and the mean values are simply the averaged values for
all of the calculated points in the workspace slice. The stiffness and dexterity
mathematical formulations are detailed in the previous section. A Pz equal to
0.15 m is used in the optimization. The formulation is subject to the following
optimization constraints:
1. there must exist an inverse kinematic solution to every end effector pose
within the reachable workspace
2. wrench singularities are checked for from Theorem 2
3. every end effector pose is subject to all of the practical kinematic constraints
outlined in Tables 5.1 and 5.3.
The numerical scheme utilized in the multi-objective optimization procedure
was the Nelder-Mead Sequential Simplex method [117]. The Sequential Sim-
plex method was programmed in Matlab along with an algorithm to compute the
performance indices and subject them to the constraints. The problem was for-
mulated as a maximization sequence. This is considering that maximal workspace
volume is desired along with maximal stiffness and maximal dexterity.
The variable weights utilized as well as the final results of the optimization
procedure are tabulated in Tab. 5.3. The weights used can be tailored to certain
functional requirements, however in this example case no requirement was given.
The weights were chosen to try to closer equalize the effect of the 3 indices. That
is, since the stiffness is generally in the 102 scale and the volume and dexterity are
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in the is 10−2 and 10−2 (and 10−3) scale respectively, the weights were generally
chosen to reflect this. For example, the un-optimized structure with parameters
given in Tab. 5.1 has generally a decent workspace(0.0262 m3) and stiffness(181
kN/m) and a low average dexterity (.0021). The average dexterity is low due
to the presence of twist singularities in parts of the workspace, the dexterity for
much of the workspace is quite higher than this. All of these initial values were
significantly improved after optimization with the given weights. This provides for
a manipulator with a good trade off between large workspace, high stiffness and
decent kinematic pose error properties. Notably, these indices are well known to
oppose each other, thus for example we could improve the dexterity with a trade
off in stiffness and workspace or visa versa. The sequential simplex algorithm
was encoded with a sequence that automatically generates a random feasible
initial simplex of 4 dimensional space. It was run several times to ensure that
the converged results were in fact optimal. The objective function convergence
pattern given over numerous iterations can be observed in Fig. 5.11 along with
its corresponding design variable progression in Fig. 5.12. The initial simplex
progressed from below a objective function value of 125 to just above 160, which
amounts to about a 30 percent increase with the given weights and performance
indices that tend to oppose each other.
Conclusions
This Chapter has proposed the semi-active reconfigurable hybrid parallel manip-
ulator termed the ReSl-Bot aimed at the sustainable and flexible manufacturing
regime in order to provide a useful step forward towards more automatic reconfig-
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Figure 5.11: Objective function convergence
urations. A detailed analysis has been conducted with some interesting features
noted. More specifically, this Chapter first illustrated the conceptual mechani-
cal design of the ReSl-Bot. An inverse kinematic analysis along with analytic
velocity equations were derived. Subsequently, a Jacobian formulation via the a
reciprocal screw approach was conducted. This revealed much insight in the Type
1 and Type 2 singularity analysis, which utilized a unique characteristic tetrahe-
dron methodology. The workspace, stiffness and dexterity of the manipulator are
described and utilized directly as performance indices for a multi-objective op-
timization procedure conducted numerically. Much research into reconfigurable
parallel manipulators has been largely focused on constrained (5-DOF or less)
designs. This design aims to advance the knowledge base to that of 6-DOF al-
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a(m) 0 - 0.14
b(m) 0.05 - 0.30
r(m) 0.025 - 0.25
lowing for enhancement of applications. Many industrial settings would benefit
from a versatile design which is also sustainable. This Chapter has illustrated the
usefulness of research into semi-active reconfigurable manipulators. The ability
to change properties such as workspace or stiffness could be pre-programmed into
a control sequence. This allows for full automation in an industrial setting even
though the manipulator must stop operation while reconfiguration occurs.
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Figure 5.12: Design variables progression, a (triangle), b (square), r (circle)
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6
A Novel Class of Adaptive
Parallel Robots
This Chapter focuses on moving one step further from auto-reconfiguration to en-
tirely active adaption. Ideally, a robotic manipulator would become more robust,
changing its properties intelligently without ceasing its function. This can only
be attained if there are several ways for the device to change its physics, much
in the same way humans change forces, pose and grasp intuitively when grasping
and moving a complex object in their hand. For a parallel robotic manipulator
to become more adaptive, a fundamental topological and physical design change
must be made. In this Chapter, a novel class of manipulators is proposed that
moves a step further in this direction. The combination of a hybrid design and
redundancy is used in a specific way in order to achieve some adaptive properties
that are changeable in real-time. Different from other research, is the focus on the
manipulator’s ability to actively change its properties for varying requirements.
Its architecture allows for a unique motion manifold that can be chosen in real
time in order to change its properties, and a preload that can also be used to
change its properties. These properties are namely its stiffness, dexterity, dy-
namics, backlash control, etc. In this Chapter, stiffness and force distribution are
mainly studied leaving the others for future work.
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6.1 Class of PM’s for Flexible Manufacturing
In this section, the manipulator classification proposed in this work is described.
The unique features that allow the manipulators to be adaptive can be general-
ized. In order for a manipulator to be classified as a HAPM it must possess the
following characteristics:
 a) All of the limbs are hybrid parallel. That is, 1 < nai < nti, where nti is
the total number of joints and nai is the number of actuated joints in each
limb.
 b) One or more of the limbs possesses an inherent motion manifold. As a
result, the limb has its own DOF (or more than one DOF) separate from
that of the moving platform.
 c) The manipulator possesses actuation redundancy, na > nD where na is
the total number of actuators and nD = F is the total number of degrees
of freedom.
The above general characteristics combined into one manipulator will allow
for varying adaptability in the mechanisms traits. These characteristics are re-
quired in order for a manipulator to be classified as HAPM. Particularly, items b
and c are important because they allow for a selection of the inverse kinematic
solution and for a selection of possible pre-load within the structure. These are
mathematically described in the rest of Chapter by a specific case example.
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6.2 Description of the Hybrid Adaptive Parallel
Manipulator
The parallel manipulator proposed in this study can be classified as a Hybrid
Adaptive Parallel Manipulator (HAPM ). A conceptual prototype has been con-
structed for motion verification. The model was designed without actuation and
built using rapid prototyping techniques. Namely, a custom 3D printer was uti-
lized and the model made out of ABS plastic. For smooth motion the joints, the
universal joints, that also make up the spherical joints when a revolute joint is
added, were purchased. The model can be observed in Fig. 6.1. It can be ob-
served that the 3 outer limbs are topologically arranged with a PSPR (prismatic-
spherical-prismatic-revolute) arrangement and the inner 4th limb has a topology of
RUPS (revolute-universal-prismatic-spherical). The actuated joints in the HAPM
are all of the prismatic joints as well as the first revolute joint in the 4th limb
as indicated in Fig. 6.1. Moreover, a complete CAD render of the proposed
manipulator can be observed in Fig. 6.2. This model has been developed with
future experimental development in mind. Its actuators have been sourced and
the moving platform has been custom designed for the 4 limb connections.
6.3 Mobility
In this section the mobility of the proposed HAPM will be discussed. Degree
of freedom (DOF) identification is typically the first problem encountered when
designing a parallel robotic manipulator. Its understanding is fundamental to the
following mathematical developments. The topology of the mechanism is such
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Figure 6.1: Prototype of the Hybrid Adaptive Parallel Manipulator (Conceptual
Model)
that there are 6 degrees of freedom in 3 of the limbs and 7 degrees of freedom in
1 of the limbs. At the same time there are 8 actuators. Evidently, the minimum
number of DOF that any limb has is 6. This indicates that the manipulator is
non-overconstrained [99]. Consequently, the Grübler equation may be of use for
the HAPM. The general Grübler equation is written as
F = λ(n− j − 1) +
j∑
i=1
fi = 6(14− 16− 1) + 25 = 7 (6.1)
where λ is the motion parameter, n is the number of links, j is the number of
joints, and fi is the degrees of relative motion permitted by joint i.
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Figure 6.2: CAD Render of the HAPM
Moreover, if the individual motion of each limb is treated as a twist applying
a wrench to the moving platform, the motion screws can be obtained. The linear
combination of the screw systems for each limb can then be used to determine
the mobility of the HAPM. Considering the HAPM, the motion screws will be of
the following form for each of the PSPR limbs
〈$̂bi〉 = 〈$̂i,1, $̂i,2, $̂i,3, $̂i,4, $̂i,5, $̂i,6〉 i = 1, 2, 3 (6.2)
where $̂i,1 = [li1 mi1 ni1 pi1 qi1 ri1]
T .
The motion screws of the 4th limb will have an additional degree of freedom.
That is
〈$̂l〉 = 〈$̂l,1, $̂l,2, $̂l,3, $̂l,4, $̂l,5, $̂l,6, $̂l,7〉 (6.3)
Correspondingly, the reciprocal screws for each limb can be derived. They are
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sometimes termed effective screws that represent the driving force for each limb.
For the HAPM proposed in this work, the reciprocal screws for each of the outer
3 limbs form a 2-system. Furthermore, it can be shown that there is only one
reciprocal screw in the 4th limb that forms a 1-system. The details for the effective
screws are derived in the instantaneous kinematics section of this work. It should
be noted that the 7th degree of freedom is essentially within the 4th limb (and
enables it to adapt). Thus, the moving platform itself essentially will have motion
in 6 axes. Considering the above, the manipulator is shown to be redundant.
6.4 Inverse Kinematics
This section examines the relationships between the actuated joint coordinates of
the HAPM and the pose of the end effector. The inverse kinematic formulation
is one that solves for the unknown actuator position variables when given the
pose (Px,Py,Pz,ψ,Θ,φ) of the end effector. This problem is of importance for
various reasons in robotics. For example, in a control situation the position and
orientation (along with velocity and forces) of the end effector will define the type
of operation being conducted. The corresponding accuracy of the mathematical
models that define these relationships is also important to the operation of the
robotic manipulator.
The detailed representation of the kinematic relationships is deduced with the
assistance of a geometric and vector representation of the limbs of the manipula-
tor. Figure 6.3 represents a schematic for one of the outer 3 limbs. Similarly, a
vector schematic for the 4th limb can be observed in Fig. 6.4. The base frame, O,
is fixed and is represented by the coordinates [x,y,z], while the moving platform
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has a frame, M , attached to it with coordinates [x’,y’,z’]. For the 3 outer limbs,
an intermediate coordinate system is introduced for convenience of computing
system vectors in limb frames. This is simply the frame attached to the point Ei
given as [xi, yi, zi]. The dimensional parameters that define the vectoral repre-
sentation of the manipulator can be observed in Figs. 6.3 and 6.4. Let P = ~OHi
represent the position vector of the moving platform with respect to the base
frame, ri = ~HiGi represent the vector from the center of the moving platform
to the revolute joint attached to the platform, li = ~FiGi be the vector from the
center of the spherical joint (or RU) to the revolute joint that is attached to the
platform, bi = ~EiFi be the vector from the center of the first prismatic joint to
the center of the spherical joint, and ai = ~OEi represent the vector from the
center of the origin to the center of the ith limb coordinates. Moreover, let the
actuated joint variables for the 3 outer limbs be given by bi and li which are
the corresponding lengths of the vectors bi and li respectively. In addition, the
actuated joint variables for the 4th limb are θ and lr. Also, let the angles that the
vector li makes with the Xi and Yi axes be βi and αi respectively.
The orientation of the vector r̂i is coincident with the orientation of the moving
platform with respect to the base frame. Therefore, if Euler angles are used to




where [MO R] is the rotation matrix defined by yaw, pitch and roll (ψ,θ,φ) of frame




Figure 6.3: Vector and Geometric diagram for 3 limbs, i=1,2,3
6.4.1 Inverse kinematics via Line Geometry
In this section, the explicit solutions for the inverse kinematic problem are for-
mulated. The kinematics of the outer limbs will be treated separately to that of
the center (4th) limb. Due to the inherent geometry of the manipulator, the in-
tersection of a line with the base plane that is normal to the moving platform and
through point Gi can reveal much information about the position of the point Fi.
By locating the point di the solution for the length of the vector bi is indirectly
obtained. To this end, it can be observed from Fig. 6.3 that the vector gi is
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Figure 6.4: Vector diagram for the 4th limb
simply given by
gi = P + ri (6.5)
which can be utilized to obtain a vector that can specify the height of point Gi
from the base by taking hi = [0, 0, gzi]
T . Defining a unit vector normal to the
moving platform as n̂, one can write this utilizing the 3rd column of the rotation








Correspondingly, defining a vector from point Gi to di, where di represents the
point piercing the base plane that is normal to n̂.
|Gidi|cos(αni) = |hi| (6.7)
where αni is the angle between the normal n̂ and the normal to the base plane.
Manipulation of Eqn. (6.7) yields a relationship that can be utilized to obtain





This magnitude can then be utilized to obtain a solution for the point di. This
is given by the following relationship
di = gi −Gidi = gi − |Gidi|n̂ (6.9)
Equation (6.9) can then be utilized after being transformed into each of the limb
(Ei) frames to in order to determine a solution for the actuated variable bi along
the base. If the platform orientation is null, or the axis of the revolute joint lies
within the yizi plane, then the following holds true for the solution of bi











where REi is the rotation matrix between the i
th limb frame and the base frame.
For the computations in this manuscript the orientation is kept constant. How-
ever, the solution for any orientation can be obtained with one extra step. Point
di lies on the intersection line between the base plane and the plane defined by
the motion of the ith limb. This plane is defined when the pose of the platform
is defined. Defining the norm to the ith limb plane as n̂i, any point (xd, yd) on
the intersection line (from di to Fi) can be found by the parametric equations
xd = dix + tdnx (6.11a)
yd = diy + tdny (6.11b)
where dn = n̂b × n̂i and t ∈ [−∞,∞] is a parameter. Also, n̂b is the normal
that defines the base plane. The intersection of this line and the local y-axis then
yields the solution for bi.
A solution for the second actuated limb joint, li, can be obtained with a
vector loop expansion. For convenience, the spherical coordinates (li, εi, λi) are
introduced to represent the mapping in Cartesian coordinates for the vector li.
The fundamental loop equation for the outer 3 limbs is given by
~OHi + ~HiGi = ~OEi + ~EiFi + ~FiGi (6.12)



























which can then be manipulated to yield a solution for the ith limb’s upper pris-
matic joint as
li = ((Px + rxi − ai)2 + (Py + ryi − b∗i )2 + (Pz + rzi)2)1/2 (6.14)
Notable in Eqn. (6.14) is its dependence on the solution for the first actuated
variable.
The 4th limb’s kinematics is taken separately. Its coordinate frames are defined
in Fig. 6.4. A vector loop expansion yields the following
Px = c cos(θ)− lr cos(γ) sin(µ) (6.15a)
Py = −c sin(θ)− lr sin(γ) sin(µ) (6.15b)
Pz = lr cos(µ) (6.15c)
which interestingly gives the relationships
(Px + lr cos(γ) sin(µ))
2 + (Py + lr sin(γ) sin(µ))
2 = c2 (6.16a)
l2r = (Px − c cos(θ))2 + (Py − c sin(θ))2 + P 2z (6.16b)
Equation (6.16) indicates that there is no single solution for the inverse kine-
matic problem for the 4th limb. Given an end effector pose, (Px,Py,Pz,ψ,Θ,φ), a
solution for the actuated variables (lr, θ) is null. It is reminiscent to the equation
of a circle in Cartesian coordinates with radius c. This can be interpreted as
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constraints that the actuated variables must endure for a given pose. This also
means that there is a set of solutions that are infinite. This mathematical set,
Υ = (lr, θ), is the set that satisfies Eqn. (6.16) and can be referred to as a motion
manifold. This manifold is important and inherent to the design of the parallel
manipulator proposed in this work. It allows for the auto-selection or adapta-
tion of the 4th limb. It will be shown in following sections how this can be used
to change the inherent properties of the PM. Its redundancy greatly enhances
these effects. The manifold, Υ, can be broken down only if one of the unknown
variables is chosen. Thus, there is a solution for lr if θ is known, and vice versa.
This would allow a permissible analytical solution to be derived. A permissible
solution is given by Eqn. (6.16b).
6.5 Instantaneous Kinematics via Screw Theory
In this section, the instantaneous kinematics is detailed. In regards to parallel
robotics, this analysis is usually focused on the determination of the manipulator
Jacobian that can relate the platform velocities to the velocities of the actuated
joint variables. The concept of a twist can be a convenient way to describe finite
or infinite displacements of a rigid body that has motion in 3 dimensions. Plücker
coordinates can be utilized in this determination, along with a reciprocal screw
formulation. Notably, the generalized orthogonal product for a screw system is
used in this research [108].
The instantaneous twist of the moving platform can be expressed for each of
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the manipulator limbs as
T = Qiq̇i + Piϕ̇i, i = 1, 2, 3, 4 (6.17)
where Qi and Pi are the active and passive joint screws [103], and q̇i and ϕ̇i are
the active and passive joint rates. Letting wi be a pair of wrenches in Plücker
ray coordinates that are reciprocal to the passive joint screws, one can eliminate
the passive joint rates in Eqn. (6.17) by pre-multiplying by wTi . This yields an
expression of the form



















where W = [w1 w2 w3 w4] is the wrench matrix.
Equation (6.18) relates the velocity of the mobile platform to that of the
actuator velocities. Its form is analogous to the well known form first proposed
in [92], Aẋ = Bq̇, where A is denoted the instantaneous direct kinematics
matrix (or wrench matrix if the equation is directly in screw form) and B is
denoted the instantaneous inverse kinematics matrix [118]. Both of the matrices
A and B in Eqn. (6.18) are Jacobian matrices that are in screw form. The
screw system spanned by each of the 3 outer limbs form a 6-system, and the
screw system for the 4th limb forms a 7-system. In order to formulate the wrench
matrices, the particular screws that are reciprocal to the passive screws must be
formulated. Since each limb is actuated by 2 screws, it is generally expected that
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the obtained reciprocal screws will be a 2 system. This however, depends on the
topological arrangement and geometry of the limbs.
The instantaneous screws for each of the limbs are illustrated and defined in
Figs. 6.3 and 6.4. For the purpose of mathematical representation, an instan-
taneous reference frame C(xr, yr, zr) is introduced with origin at point H and
with the xr, yr, zr axes parallel to the X, Y, Z axes of the fixed base frame. Cor-
respondingly, all the joint screws for each limb are then expressed with respect
to this frame. In this work the joint screws are individually denoted with the
common notation $̂j,i corresponding to the j
th joint of the ith limb. From Fig.

































where ŝi,j represents a unit vector along the j
th joint axis of the ith limb.
The determination of the reciprocal screw systems for 3 of the 4 limbs can
now be formulated. These screw systems must not generate any virtual work
onto the moving platform (ie. they eliminate the passive rates from Eqn. (6.17).
It can be mathematically illustrated that there exists 2 reciprocal screws for the
system defined by Eqn. (6.19) through (6.24). Correspondingly, let $̂i,r1 be the
screw that is reciprocal to all limb screws except for $̂i,1, and let $̂i,r2 be the screw
reciprocal to all of the joint screws except for $̂i,5.
Due to the presence of the spherical joint, all reciprocal screws are those
passing through the center of the spherical joint and that lie in a plane containing
the revolute joint. This is know as a revolute-spherical dyad to which its reciprocal
screw system is a plane. Of these zero pitch screws, the one perpendicular to the
first prismatic joint (ŝi,1) will be reciprocal to it and the one that is perpendicular
to the second prismatic joint (ŝi,5) will similarly be reciprocal to it. From Fig. 6.3
it can be noted that $̂i,3 is the screw that is always perpendicular to $̂i,5 that also
lies in the plane of the revolute joint. Also, let $̂i,r2 be the screw that is reciprocal
to the first prismatic joint. Correspondingly, the reciprocal screw system for the
PSPR limbs is given by:
$̂i,r1 = {ŝi,r1; (r̂i − l̂i)× ŝi,r1} (6.25a)
$̂i,r2 = {ŝi,r2; (r̂i − l̂i)× ŝi,r2} (6.25b)
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The reciprocal screw system for the 4th limb can also be studied in a similar
fashion. The topological arrangement of this limb (RUPS) is oriented as such
that it is not possible to determine a screw that is reciprocal to all others except
for one active screw. However, uniquely there exists a screw that is reciprocal
to all of the passive joints and not the active ones. A physical interpretation
of this is that both of the active joints produce a force/couple along the same
vector onto the moving platform. The screw that exhibits this property is a
zero-pitch screw passing through the center of the spherical joint as well as the
center of the universal joint, along the prismatic actuator. This screw is derived
as $̂lr4 = {ŝlr4; 0}. Notably, the part associated with a direct couple about the
origin is zero, as the vector passes through the center of the moving platform.
Subsequently, the instantaneous kinematics specifically related to this limb and









Then, augmenting every limb from i = 1− 4 the entire instantaneous kinematics









































$̂T1,r1$̂1,1 0 0 0 0 0 0 0
0 $̂T1,r2$̂1,5 0 0 0 0 0 0
0 0 $̂T2,r1$̂2,1 0 0 0 0 0
0 0 0 $̂T2,r2$̂2,5 0 0 0 0
0 0 0 0 $̂T3,r1$̂3,1 0 0 0
0 0 0 0 0 $̂T3,r2$̂3,5 0 0










where [ωp;Vp] = ẋ , q̇i = [ḃi; l̇i], for i = 1, 2, 3 and q̇4 = [θ̇; l̇r]. The above corre-
sponds to the full formulation of the velocity kinematics complete with forward
and inverse Jacobians.
6.6 Workspace
In this section, the workspace of the HAPM is investigated. One of the ad-
vantages of the proposed structure is that its hybrid design allows for a larger
workspace than that of more traditional parallel manipulators. Other hybrid
designs have also shown this property [6, 119]. In this research, the constant ori-
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entation workspace is investigated. That is, the workspace that the end effector
would exhibit while the 3 orientations remain at a constant value. In this man-
ner, a 3-dimensional representation can be generated. The inverse kinematics is
primarily utilized in the computation of the workspace. If there exists a solution
to the inverse kinematic problem, the kinematic constraints are then checked to
ensure a feasible solution. The workspace constraints are briefly outlined below.
These constraints include the actuators stroke, range of passive joints, and range
of the angular joints.
6.6.1 Kinematic Constraints
The actuator’s stroke is one of the major factors that limit the workspace of the
manipulator. Generally, there is a minimum and maximum value for the physical
possibilities of the length of the associated prismatic actuators. The motion range
of the passive joint variables for each limb also constrains the workspace. They are
constrained to be within particular feasible values. These angles are generalized
and set as the angle minimum and maximum in Tab. 6.1 which refers to all of
the passive angles for each limb of the manipulator. The numerical values that
define the constraints can be observed in Tab. 6.1. Notably, the value of bi is set
to be zero at the center of the prismatic actuator. As a consequence, it is the
only actuated value that can be negative.
6.6.2 Constant Orientation Workspace
The results for the constant orientation workspace can be seen in Fig. 6.5. The
workspace computation is conducted for a yaw, pitch, and roll of the moving plat-
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Figure 6.5: Constant Orientation Workspace
form equal to zero. The Delaunay triangulation is utilized in order to visualize
the workspace. Its tendency to avoid the computation of small skinny triangles
makes it ideal for the triangulation of the swarm of points that lie within the
workspace. It can be observed that the workspace is large and symmetric, illus-
trating that the proposed manipulators workspace could be useful in an industrial
setting.
6.7 Stiffness Formulation
This section details the mathematical stiffness formulation for the HAPM pro-
posed in this study. Firstly, the fundamental static stiffness is introduced. Sub-
sequently, a first step in the possibility of stiffness modulation is investigated.
This manipulator possesses some unique properties that enable the possibility to
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0.075 ≤ li(m) ≤ 0.15
0.075 ≤ lr(m) ≤ 0.15
−0.15 ≤ bi(m) ≤ 0.15
anglemin(deg.) 45
anglemax(deg.) 135
change conservative stiffness values by different means.
6.7.1 Mechanical Stiffness
The mechanical stiffness of a robotic system is influenced by several factors. An
analysis that is inclusive of every factor, small and large, is not sensibly feasible.
As a consequence, many researchers have tried to simplify the modeling of the
stiffness of robotic systems such that the vast majority of its properties are re-
vealed. Essentially, it is assumed that the compliance of the manipulator is only
in the actuated joints, while the links are completely rigid and and passive joints
are perfect [111]. Stiffness has many consequences on robotic manipulators. One
consequence is onto the control of the manipulator, as it limits its bandwidth [4].
In the following, the traditional stiffness matrix is derived in short. This
matrix relates the forces and torques applied at the end effector in Cartesian
space to the corresponding linear and angular Cartesian displacements [2].
In the regime of parallel robotics, the common expression used for the Jacobian
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which is essentially that of Eqn. (6.27) arranged with J = B+A where B+ is
the Moore-Penrose pseudo-inverse of B.
It is then well known that the general stiffness matrix of a static parallel ma-
nipulator that does no virtual work onto its environment is given by the following
expression [113, 115, 116, 120, 121]
K = JTKqJ (6.29)
where Kq is the joint stiffness matrix, with Kq = diag[h1, ..., hn], where each of
the actuators is modeled as an elastic component with local stiffness hi. Notably,
manipulators that have a combination of linear and angular actuators will have
a mixture of units in the matrix Kq.
In order to illustrate some of the varying properties that the proposed adaptive
manipulator enables actively, a preliminary stiffness computation is conducted.
The value of the stiffness given by Eqn. (6.29) is compared for varying values
of the motion manifold defined by the 7th degree of freedom (Υ). Essentially,
this can be broken down into a comparison of the output of Eqn. (6.29) whilst
varying Υ or equivalently θ and lr. The results of this computation for the X-
direction (4th diagonal element) can be observed in Fig. 6.6. Also, results for the
Y-direction (5th diagonal element) can be seen in 6.7. It can be seen that even
with a traditional static computation, the properties of the manipulator, stiffness
in the x and y-directions in this case, can be changed upwards of 38 percent. It is




6.7.1.1 Note on the Jacobian Inverse
Notably, in the above stiffness formulation the Moore-Penrose pseudo-inverse
(MPI) is utilized. This approach is taken since only square matrices are in-
vertible. Also, this approach is often used to solve this problem in robotics.
The formulation of stiffness is essentially derived from a static force analogy.
Static forces within redundant parallel manipulators and the effect of utilizing
the Moore-Penrose pseudo-inverse has been investigated and studied previously.
Kumar and Waldron [57, 122] have shown that the pseudo-inverse solution in
general yields an interesting force vector solution that resembles a helicodial vec-
tor field. They also have shown that this solution yields no internal forces in
redundantly actuated mechanisms. This is an important result, as any result
that physically has an interaction or internal force component belongs to the
null-space force solution. In this Chapter, this internal force solution is separated
and utilized. A discussion and formulation is in the following sections. Moreover,
several other researchers have also adopted this approach related to the Jacobian
inverse [57, 67, 78, 123, 124].
6.7.2 Conservative Stiffness Mapping
In this section, the stiffness modeling of the HAPM is studied in more detail.
The traditional stiffness model does not account for stiffness and force changes
when the manipulator has any forces or torques, passively or actively changing,
within its actuators. This inherently changes the stiffness of the manipulator.
Redundant manipulators are especially prone to internal actuation forces that do
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Figure 6.6: X-direction stiffness variation with motion manifold, solid: θ dashed:
lr. (px=-0.045, py=.03, pz=.065)
not create a resulting net output force. Moreover, due to the unique properties
of the HAPM, the stiffness model must take this into account. The Conservative
stiffness within the parallel manipulator regime has not had too much attention.
However, it is sometimes also refereed to as the Antagonistic stiffness [124, 125].
It was first described by [126].
Due to the duality of statics and kinematics, the required joint forces , τ , to





T , is given accurately by
JTτ = Fe (6.30)
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Figure 6.7: Y-direction stiffness variation with motion manifold, solid: θ dashed:
lr. (px=-0.045, py=.03, pz=.065)
where notably fe is the force exerted onto the environment and me is the asso-
ciated moment about the reference frame.
The joint stiffness matrix in Eqn. (6.29) can be related to the actuated joint
forces and torques in differential form as
dτ = Kqdq (6.31)
Likewise, the Cartesian stiffness matrix relates an infinitesimal displacement
of the moving platform to an infinitesimal force and/or moment applied on the
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platform in an equilibrium situation. This relation is given by
dFe = Kpdx (6.32)
In the above equation, Kp is a highly nonlinear and configuration dependent
matrix. It can be calculated fromKq [126]. In the traditional stiffness formulation
of the previous section, the mapping between the joint stiffness matrix and the
Cartesian stiffness matrix was given directly by Eqn. (6.29). In the following,
this equation appears only as a term in the entire formulation.
Completely differentiating Eqn. (6.30) yields
dFe = dJ
Tτ + JTdτ (6.33)
which can be expanded to reveal its relationship to the stiffness equations (6.31)
and (6.32). This expansion is given by
Kpdx = dJ







dqi, and m = 8 (6.35)
Subsequently, utilizing Eqn. (6.28) the Eqn. (6.34) can be written as




















is the 3 dimensional Hessian tensor.
Unlike the traditional definition given in Eqn. (6.29), the above definition in-
cludes the stiffness effect introduced by pre-stress (or preload). For non-redundant
manipulators these forces can stem from actuation, gravity, or external loads. On
the other hand, for redundant manipulators these forces can be as a result of an-
tagonistic actuation [125]. As a consequence, Eqn. (6.37) can be thought of as
the active stiffness component. Notably, Eqn. (6.37) is derived in active joint
coordinates. It can also be derived in task space coordinates.
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Figure 6.9: Static traditional stiffness (N/m), manifold (θ,lr)=(270,variable),
Pz = 0.075m
6.7.3 Force Capabilities
The proposed HAPM exhibits properties that enable stiffness modulation through
antagonistic stiffness. The antagonistic actuation forces do not affect the result-
ing net force applied at the end effector. That is, the sum of the forces imposed
onto the end effector caused by the limbs is zero. This can be illustrated through
studying the mechanisms force capabilities.
The inverse force problem [57] for redundant manipulators can be broken up
into a particular solution and a homogeneous solution. This can be illustrated
by
τ = τp + τh (6.38)
where τp is the particular solution that refers to the portion of the actuation that
balances the external load and τh represents the portion that is distributed into
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internal actuation loads. That is, τh yields no resulting wrench onto the platform.
Stemming from Eqn. (6.30), the following 2 equations are satisfied
JTτp = Fe (6.39a)
JTτh = 0 (6.39b)
In the above Eqn. (6.39b) it can be noted that the homogeneous actuation
vector belongs to the Nullspace of the Jacobian matrix. This is an important
property that can be utilized to compute τh by taking the singular value decom-
position (SVD) of the matrix JT . If SVD is performed on JT of size 6 by 8 and
rank 6, the result is 3 matrices S, U and V [57]. Correspondingly, the last 2
columns of V span the nullspace of JT . These vectors can then be augmented
into to construct the matrix Vn. Subsequently, the relation given by Eqn. (6.38)
can be written in the form
τ = JT+Fe + Vnυ (6.40)
where the inverse Jacobian transpose is taken by the Moore-Penrose pseudo in-
verse and υ is a 2 by 1 vector that is mapped by Vn onto the nullspace of J
T . It
can be chosen arbitrarily in such a way as to scale the actuator forces/torques.
In this study it is referred to as the static antagonistic scaling factor.
The above formulation applies directly to the proposed HAPM and illustrates
that it is possible to adapt the actuator force/torque vector to varying degrees
without affecting the motion of the moving platform. In this same way, the
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antagonistic stiffness value can change via Eqn. (6.37) for the HAPM, allowing for
the stiffness in any direction to be changed on the fly. If τ belongs to the nullspace
of JT , then there is no resulting end effector wrench and thus no movement.
However, pre-stress is now evident in the mechanism limbs and joints. In this
study, this adaptive antagonistic stiffness is illustrated by point examples.
6.7.4 HAPM Stiffness Illustrations
In this subsection, the mathematical stiffness formulations for the proposed ma-
nipulator are briefly illustrated in slices of the workspace. The traditional stiffness
calculations as well as the Conservative stiffness calculations are encoded numer-
ically. Different from what has been illustrated above in Fig. 6.6, this section
provides a comparison for antagonistic stiffness. For any given end effector pose
or set of poses that may make up a trajectory, the stiffness can be computed. For
the antagonistic component, the derivative of the Jacobian is taken numerically
through a finite difference algorithm.
Figures 6.8 and 6.9 illustrate the static stiffness of the manipulator computed
ignoring any actuation (τ = 0). This is a traditional stiffness mapping in the
z-direction. Interestingly, they are computed for 2 different motion manifolds
of the 7th degree of freedom. This is simply computed by choosing θ and then
calculating the passive variables as well as lr. Evidently, the stiffness maps vary
considerably in form between the maps. They also have higher stiffness values in
logical sections of the workspace that correspond to the value of θ.
For comparison purposes, Fig. 6.10 is computed taking into account antago-
nistic actuation. The motion manifold of the 4th limb is taken the same as Fig.
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6.8. Equation (6.36) represents the matrix of values computed entirely. The value
of internal preload considered is entirely static in nature. That is the mechanism
is entirely static. As a consequence, the value of τ is derived from Eqn. (6.40)
taking Fe as null. Notably, the general stiffness distribution has a similar shape
between Figs. 6.8 and 6.10. Also, the average and peak values for the Conser-
vative stiffness case are higher. This is an expected result. The value of the
antagonistic component can be modulated by changing the value of υ. This com-
ponent is computed separately and illustrated in Fig. 6.11. Interestingly, much
of the active components effect in the vertical direction is localized around the
position of the 4th limb. Notably, in the computations υ was calculated from the
Nullspace of the Jacobian in unit vector form and then magnified by a prescribed
value (eg. 190).
6.8 Optimal Force Distribution
The force equation (6.40) is general and can be used to map the force capabilities
of the actuators or to optimally tune the distribution of actuator forces and
torques. The value of υ can be arbitrarily chosen to change the vector τ or the
pre-stress within the manipulator. Moreover, since the 7th degree of freedom for
the HAPM lies within a redundant limb, the kinematic solution can be chosen
to change the Jacobian. This enables the optimal mapping of actuator forces
and torques not only through pre-stress but through configuration dependencies.
This is unique to the HAPM.
The manipulators force distribution is an important property. It can be useful
in application for various situations. Usually, the direction and magnitude of the
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Figure 6.10: Conservative stiffness (N/m), manifold (θ,lr)=(135,variable), Pz =
0.075m, |υ|= 190
applied or required force is known. The ability of the manipulator to adapt its
internal force distribution to optimally suit different functional requirements can
lead to improved performance over varying operations. The notion above can
be further conceptualized through an optimization procedure. In this section,
neither the trajectory dependencies nor the inertial (fast movement) forces are
considered. The force optimization problem is defined in this research as follows.
 Objective function, OJ= [‖τ‖, ‖τ‖2]we
 with design space
 υa
 motion manifold Υ = (lr, θ)
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Figure 6.11: Antagonistic stiffness component
where we is a vector of weight factors and υa is one of the 2 choices of the static
antagonistic scaling factor. The objective function is essentially a method to
measure the required energy and magnitude of forces involved. In the function,
‖•‖ is the infinity norm and ‖•‖2 is the 2-norm.
In the above formulation, the constraints consist of all the kinematic con-
straints imposed onto the manipulator geometry. The motion manifold can be
realized through the determination of the 2 kinematic parameters θ and lr. As a
consequence, these parameters become part of the design variables, and the infi-
nite solution problem is utilized. The minimization problem is coded and solved
with the Sequential Simplex method. In this section, the formulation for the op-
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Table 6.2: Force distribution points
Position (m) px py pz
P1 -0.005 -0.06 0.09
P2 0.03 -0.025 0.085
P3 0.045 0.025 0.075
P4 0.03 0.01 0.095
timal force distribution is general. It is solved only in an end effector point based
problem. That is, the trajectory mapping is not taken into account. As a conse-
quence, 4 points are randomly chosen in the manipulators workspace. A wrench
on the moving platform is considered. It is given by F e = [1, 0, 0, 10, 0,−20]T ,
which represents a 1Nm moment about the x-axis, a 10N force in the x-direction
and a −20N force acting in the z-direction. This wrench is considered to be
a fraction proportional to a typical operation that might be encountered. This
wrench is also kept constant throughout the tests. Also, the weight factor in this
study is taken as we = [1, 0.5]
T . Notably, one of the actuators in the proposed
manipulator is torque actuated, whereas the others are force. For consistency
of units the torque value is divided by the value of c for all of the optimization
calculations. This can be referred to as the characteristic value. Also, this is
a standard procedure adopted when mixed Jacobian units are encountered [4].
In this work, the value c has been utilized because of its physical meaning. Es-
sentially, by dividing the torque value by the moment length c, one obtains the
equivalent force value that the actuator outputs onto the base of the 4th limb.
Subsequently, as a direct measure for comparison purposes, the well known
Stewart-Gough platform (SP) is taken as a benchmark. Its kinematics and statics
are encoded [108]. It is subject to the exact same conditions to which the HAPM
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Figure 6.12: Typical objective function convergence, Sequential Simplex
is subject to in the optimization sequence. It is also constructed with the same
geometrical size as the HAPM (moving platform r = 0.05m). The platform poses
considered for the force distribution study can be observed in Tab. 6.2. These
points are within the workspace of the HAPM and the SP. A typical convergence
pattern for the objective function is given in Fig. 6.12. The optimization sequence
is run several times by varying the initial simplex to ensure that a global optimum
has been achieved for each of the 4 poses. The results corresponding to each
pose are tabulated in Tab. 6.3 with the corresponding graphical comparison
of the optimal results in Fig. 6.13. For reference, typical example values for the
objective function attained for the optimization were, ‖τ‖= 21.2N, ‖τ‖2= 29.8N .
Interestingly, it can be seen from the results that the antagonistic component
remained small for 3 of the 4 poses. This can be related to the weights used
in the optimization procedure which placed more emphasis on the norm of the
actuator forces than the maximum value. A larger internal preload could reduce
the maximum force value in the manipulator, but it would compromise the total
energy used. Moreover, it can be observed that the motion manifold converged
within the second Cartesian quadrant for every pose. This is intuitive when
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relating the physics behind the forces. Essentially, in this force distribution study,
the externally applied wrench is kept constant. As a consequence, the optimal
kinematic position for the redundant limb will remain in a similar geometric
direction in order to best contribute to the reaction forces.
Figure 6.13 shows the values associated with the objective function for the
HAPM and the corresponding values that were computed with the exact same
conditions for the Stewart Platform (SP). The objective function ([‖τ‖, ‖τ‖2]we)
can also be related to energy consumption and actuator selection. It is clear from
Fig. 6.13 that the HAPM performs because of its changeable properties. The
figure shows that for each of the 4 poses, the proposed manipulator performs
better than the SP. Although the HAPM has redundant actuation, its actuator
vector norm is lower than the SP’s. Its peak values are also lower. This is directly
due to its unique structure that allows for preload as well as the adaptation of
the 7th DOF that is within the 4th limb. This also means that a bad choice of
υ or Υ could degrade its performance. Thus, if the design space is intelligibly
chosen, a great performance increase is possible. This is true for a variety of
applications or functional requirements. The adaptability of the HAPM allows
it to be tailored to varying degrees. Evidently, the proposed manipulator can
adapt its actuator forces to optimally suit the externally applied wrench. While
this optimization study focuses on forces, other properties are also adaptable in
real-time as discussed earlier in the Chapter. Also, future work will focus on
adapting these properties in control situations. The present work illustrates that
this is possible and would be very beneficial.
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Table 6.3: Force distribution optimal design variables
Design vars. υa θ (deg.) lr (m)
P1 1.8e-4 191 0.1370
P2 0.0123 146 0.1254
P3 8.1e-5 119 0.0802
P4 1.7e-4 131 0.1086
6.9 A Note on DOF Changes
The novel manipulator proposed in this Chapter also has the ability to change
its working DOF. This is mainly due to its hybrid topology. Because each limb
has 2 actuated DOFs, one of the actuators in each limb could be locked, leaving
the remaining actuator to function while at the same time reducing the DOF of
each limb. Although, this feature is not studied in detail in this dissertation, it
is postulated that one simple configuration for the proposed HAPM would be to
lock its first prismatic actuator for each of the outer 3 limbs. This would leave the
configuration 3-SPR. This manipulator type is known to have 3-DOFs. The 4th
limb would not affect the overall DOF of the platform. This type of reduction in
DOF could be used to save energy when a functional requirement can be satisfied
with lower mobility of the platform.
6.10 Conclusions
In this Chapter, a new class of adaptive parallel manipulators was first introduced.
Then, an adaptive parallel robotic manipulator was proposed that serves as a spe-
cific example of this class. This work is directed at the flexible manufacturing
regime where adaptability and variability in properties are highly desirable. The
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Figure 6.13: Graphical comparison of optimal results (labels: {+ - ||τ ||2 of
SP}, { - max(|τ |)of SP}, {◦ - ||τ ||2 of HAPM}, {4 - max(|τ |) of HAPM} )
proposed manipulator is termed Hybrid Adaptive Parallel Manipulator (HAPM ).
Its actuation is hybrid in nature and incorporates an extra degree of freedom in
the 4th limb. This is consistent with the classification. The manipulator mobility
description and kinematics are firstly studied. Subsequently, the instantaneous
kinematics and Jacobian formulation via reciprocal screws were studied. Many
important features were discussed at the same time. Then, the workspace was
studied. Next, the stiffness was studied in detail, while at the same time illus-
trating some of the adaptive properties of the manipulator. The antagonistic
stiffness component was also studied and illustrated for comparison purposes. It
was shown that through preload, the manipulator can change its stiffness. This
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changing stiffness is adaptive stiffness when used in a control situation. Lastly, a
force distribution study was conducted comparing the proposed manipulator to
the well known Stewart-Platform. It was shown that if the proper preload and
motion manifold are chosen, the proposed manipulator can optimally adapt its
properties to suit the externally applied wrench. Both the maximum actuator




Dynamics and Control of Parallel
Robots
This Chapter provides the framework for the dynamics and control of parallel
robotic manipulators. A focus is placed on constrained motion culminating up to
the fundamental dynamic equations which are then used to derive the complete
motion equations of the proposed adaptive parallel manipulator. A brief review
of rigid body dynamics as it relates to robotics is conducted. This is followed by
an example study for the dynamics and control of a planar 5R mechanism. Then,
the dynamic formulation leading up to the fundamental equation is undertaken.
This provides for a general procedure to obtain the dynamics of complicated
constrained systems. A short example is also illustrated regarding this method.
Then the dynamic equations of the HAPM are formulated. Lastly, a control case
study using a numerical model is undertaken.
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7.1 Rigid Body Dynamic Modeling
Rigid body dynamic modeling is a general field in physics that deals with all mo-
tion and forces involved with the interaction of bodies in space that are assumed
rigid. For the vast majority of systems, this is an appropriate assumption and ac-
counts for no loss of information. Only when the flexibility of the bodies involved
becomes close to the same scale of operation precision, does this become a con-
cern. Regarding robotic and mechatronic systems, the dynamic/kinetic modeling
has been derived directly from physics. However, the complexity of the systems
involved is usually much greater than many other systems.
The equations of motion are important to consider in the design of robots,
which includes the simulation, analysis and control algorithm validation. The
equations of motion can also be utilized to provide a passive index onto a robots
properties. For example, the dynamic model can be used to illustrate a robots
dynamic manipulability [43]. The dynamic modeling methods for serial robotic
manipulators are well developed in comparison to that of parallel manipulators.
Serial chains are less complex in joint kinematics and in general, the movement
of one joint does not affect that of the other kinematically. Consequently, the
dynamic model is straightforward and can be done with the general Lagrange for-
mulation, Newton-Euler, or similar [127]. The general goal in dynamic modeling
is to attain a model in the following form
M (qa)q̈a +C(qa, q̇a)q̇a +G(qa) = τ (7.1)
where M (qa) is the inertial matrix, C(qa, q̇a) is the Coriolis and centrifugal force
matrix, G(qa) is the gravitational vector and τ is the vector of actuated torques
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and forces. Notably, the above form is general and can represent any rigid body
system. However, the structure and derivation can vary considerably between
respective systems.
Regarding parallel robotic machines or manipulators the dynamic formulation
becomes complex mainly due to the nature of the constraints involved. These
constraints are holonomic, however many (if not all) of the limb joint coordinates
are dependent on the other limb coordinates. These coordinates can be active
or passive. If the robot is purely parallel then there exists only one active joint
coordinate for each limb. To remedy this situation, a few methods have been
proposed thus far that can properly account for the constrained motion. The
most common method builds upon that of the serial Lagrange formulation. The



















with j = 1 to n and Γi denotes the i
th constraint function, k is the number of
constraint functions, L = K−U is the Lagrange function, K is the kinetic energy
of a mechanical system, U is the potential energy of a mechanical system, qj is
the generalized coordinate, Qj is the generalized force, and λi is the Lagrange
multiplier [108].
The above formulation is typically used for inverse dynamics. Also, the La-
grange multipliers are typically solved for first, with a subsequent solution for the
dynamic forces. The main drawback comes from the presence of passive joints
that are not linearly independent from the active joints, yet cannot be written
explicitly in terms of the active joints. This leads to very complicated models
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even for rather simple robotic architectures [127, 128].
A few other methods for formulating the dynamic equations of parallel robotic
manipulators have been proposed in research. One of the earliest is that of directly
applying Newton-Euler’s equations [108, 129]. Principle of virtual work [130].
7.2 Dynamics of a 5R Robot: Example
This section introduces the dynamics of a planar 5R parallel manipulator. The
type of robot has been studied previously for numerous cases. Its structure allows
for the utilization of the general Lagrange formulation without overly cumbersome
algebraic constant relations in the dynamic equations.
In general, the dynamic analysis of a robot investigates a relationship be-
tween the torques applied at the actuated joints and the position, velocity, and
acceleration of the robots links with respect to time.
A schematic of the 5R parallel manipulator used as an example is illustrated
in Fig. 7.1. It consists of a 5 planar links, one fixed and the other connected by
revolute joints. The revolute joints have all axes parallel. The point labeled P is
considered as the end effector while the actuated variables are q1 and q2.
The system is assumed to have holonomic constraints that are twice differ-
entiable. From analytical dynamics, it follows that a system with n DOF has n
independent generalized coordinates. In most cases, it is possible to choose these
coordinates as that of the actuated variables. In this example, the generalized
coordinates are q = [q1, q2]
T . An complete derivation for the 5R manipulator has
been previously conducted be several researchers. A detailed example along with
some control of the manipulator can be seen in [131]. The result is summarized
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Figure 7.1: 5r Parallel Manipulator
below in this thesis.
The dynamic equations of the manipulator can be characterized by a set of
differential algebraic equations (DAE). These are of the form
D′(q′)q̈′ + C ′(q′, q̇′)q̇′ + g′(q′) = τ ′
φ(q′) = 0
(7.3)
where q′ = [q1, q2, q3, q4]
T ∈ R4 is the vector of generalized coordinates, τ ′ =
[τ1, τ2, 0, 0]
T ∈ R4 is the vector of applied torques, D′(q′) ∈ R4 is the robot inertia
matrix, C ′(q′, q̇′)q̇′ ∈ R4 describes the centrifugal and Coriolis terms, g′(q′) ∈ R4
is the gravity vector, and φ(q′) ∈ R2is the algebraic constraint relation.
As described in [25] the dynamic model can be reduced after applying the con-
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straints. This yields a model in the form






C(q′, q̇′) = ρ(q′)TC ′(q′, q̇′)ρ(q′) + ρ(q′)TD′(q′)ρ(q′, q̇′)
g(q′) = ρ(q′)Tg′(q′)
σ(q) = [q1, q2, q3, q4]
T
(7.5)
and q3 and q4 are obtained from the constraint equations as
q3 = arctan
(
µ+ a4 sin(q2 + q4)
λ+ a4 cos(q2 + q4)
)
− q1 (7.6)
q4 = − arctan
(√








− q2 − π (7.7)
where
λ = a2 cos(q2)− a1 cos(q1) + c,
µ = a2 sin(q2)− a1 sin(q1),
A = 2a4λ, B = 2a4µ, C = a
2
3 − a24 − λ2 − µ2.
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 a1 cos(q1) + a3 cos(q1 + q3)− c− a2 cos(q2)− a4 cos(q2 + q4)
a1 sin(q1) + a3 sin(q1 + q3)− a2 sin(q2)− a4 sin(q2 + q4)

(7.9)
Utilizing the Lagrangian method, the following matrices that complete the dy-
namic model are derived
D′(q′) =

d11 0 d13 0
0 d22 0 d24
d31 0 d33 0
0 d42 0 d44

(7.10)
C ′(q′, q̇′) =

c11 0 c13 0
0 c22 0 c24
c31 0 0 0
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With the mass center offsets (i.e. δ1, δ2, δ3 and δ4) set to zero, the elements














4 + 2a2l4 cos(q4)) + I2 + I4
d13 = m3 (l
2
3 + a1l3 cos(q3)) + I3
d24 = m4 (l
2









h1 = −m3a1l3 sin(q3)
h2 = −m4a2l4 sin(q4)
c11 = h1q̇3
c22 = h2q̇4
c13 = h1(q̇1 + q̇3)
c24 = h2(q̇2 + q̇4)
c31 = −h1q̇1
c42 = −h2q̇2
g1 = g {(m1l1 +m3a1) cos(q1) +m3l3 cos(q1 + q3)}
g2 = g {(m2l2 +m4a2) cos(q2) +m4l4 cos(q2 + q4)}
g3 = g {m3l3 cos(q1 + q3)}
g4 = g {m4l4 cos(q2 + q4)}
This completes the dynamic model description of the 5R parallel robot ma-
nipulator used in this study. A following section in this thesis will utilize the
above differential equation for the simulation of an example control study.
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The physical parameters that define the parallel mechanism used in this thesis
are: the lengths of the links aj = 0.25m, the mass of each link mj = 0.125kg, the
deviation of the mass center from the link center line δj = 0, In the above, the
index j refers to each link from 1 to 4.
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7.3 Dynamic Modeling of the HAPM
This section of the dissertation describes the methodologies utilized to derive the
complete dynamic model of the proposed Hybrid Adaptive Parallel Manipulator
(HAPM ). The inherent nature of the proposed robotic system makes the dynamic
modeling using the traditional methods un-pragmatic. The connection method
used briefly in an earlier Chapter is more well suited to systems that have simple
forward kinematics, which is not the case with the proposed HAPM. The La-
grangian approach taken to derive the dynamic model of the much simpler 5R
mechanism is applicable, however it is anticipated that the Lagrange multipliers
would be very complex and tedious to attain, while providing no physical insight.
Consequently, a method is sought so that could it be applicable to any other
complex mechanical robotic system. This method treats system constraints as
constraint forces in the dynamic model which can simplify the complexity to a
degree in many systems. This is described in the following sections.
7.3.1 System Constraints
In this section, the notion of mechanical constraints is discussed as well as their
mathematical deductions. General rigid body motion subject to no constraints
whatsoever is referred to as free body motion. This completely unconstrained
motion is relatively simple to model mathematically. On the other hand, modeling
of a system that is subject to multiple complicated constraints can become a very
rigorous mathematical exercise. The motion of robotic systems are generally
subject to constraints, as most mechanical or modern mechatronic systems are.
In serial manipulators, each joint variable is independent of the other. As a
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result, the constraint forces on the system are simple to compute. In the case
of parallel robotic systems, the constraints can be very numerous and complex.
Moreover, since each joint variable is not entirely independent of one another, the
additional constraints imposed onto the system can be complex. These additional
constraints also must be taken into account. As will be illustrated in this section,
each and every constraint onto the mechanical system can be interpreted as a
constraint force for dynamic modeling. This notion is ideal for the derivation of
analytical dynamic models of PM’s.
In general, mechanical constraints can be classified into holonomic and non-
holonomic constraints. Consider holonomic constraints described by the set of
equations
fi(x, t) = 0, i = 1, 2 . . . h (7.13)
where x = [x1, x2, x3, . . .x3n−1, x3n]
T denotes the 3n-vector of particle or rigid
body positions, where n is the number of bodies or particles. Taking the time




dij(x, t)dxj + gi(x, t)dt = 0, i = 1, 2, . . . h (7.14)
where dij(x, t) =
∂fi(x,t)
∂xj




In general, some equations in Pfaffian form can be integrated and some can-
not [132]. The nonintegrable Pfaffian forms lead to nonholonomic constraints.
Moreover, the key to the characteristics of the constraint equations is the fact
that these constraints need not be linearly independent, only consistent. That
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is, the fulfillment of one constraint does not prelude the fulfillment of another
constraint. This is a useful notion when considering the application of this mod-
eling technique to robotic systems that are redundant. Redundant systems many
times have constraints that are also redundant. Consequently, any mathematical
modeling technique, whose end result is the dynamic equations, must be able to
consider constraints that may be linearly dependent.
7.3.2 Equations of Motion
In this section the general equations of motion are derived. Firstly, some prelim-
inary mathematics is presented related to the second order constrain equation.
Correspondingly, the detailed dynamic equations are derived for each open-loop
limb which is later combined and cascaded. This cascaded equation is then sub-
ject to the constrain equations which results in the dynamic model of the actual
robotic manipulator of study in this chapter.
7.3.2.1 Gauss’s Principle
A brief review a Gauss’s principle is useful in understanding the formulation of the
equations of motion used in this study. Although, the Udwadia-Kalaba equations
are not explicitly derived in this study, the derivation is detailed in [132].
If one were to consider a general discrete system with particle massesm1,m2, ...,mn
and position vector of the ith particle as xi = [xi, yi, zi]
T , its acceleration in Carte-
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T is a 3n-vector of the forces that act onto the discrete system.
The above relation can represent a simplistic system of n particles in the co-
ordinate system xi, with the force vector Fi(t) representing all types of forces.
However, consider now that these particles are constrained through certain in-
terconnections resulting in a form of Pfaffian constraints. Considering this,
the acceleration in Eqn. (7.15), ai would not represent the true acceleration
of the system. This actual acceleration of the constrained system is denoted
ẍ(t) = [ẍT1 , ẍ
T
2 , ..., ẍ
T
n ]
T . This acceleration would deviate due to the constraints
imposed onto the system. These constraints can be represented by a constraint
force as is the fundamental notion of the kinetics derivation utilized in this work.
As a fundamental physical principle, Gauss’s principle asserts that among all
of the accelerations that the system can have at time t that are compatible with
the constraints, are the ones that minimize the following quantity
G(ẍ) = (ẍ− a)TM (ẍ− a) = (M 1/2ẍ−M 1/2a)T (M 1/2ẍ−M 1/2a) (7.16)
whereM = [diag(m1,m1,m1,m2,m2,m2, ...,mn,mn,mn)] andM
1/2 = WΛ1/2W T
with AW = WΛ and W TW = I.
Notably, the Gaussian, G, is applicable to any mechanical kinematic con-
straint and results in accelerations that will actually materialize. This notion is
utilized in the derivation of the Udwadia-Kalaba dynamic equations. It can be
shown that these equations satisfy the Gaussian [132].
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Udwadia-Kalaba Dynamic Equation
Considering a discrete mechanical system with configuration space defined by the
coordinate q ∈ <n. It’s kinetic energy, T (q̇, q, t), relative to the inertial frame
can be expressed as [133, 134]
T (q̇, q, t) =
1
2
q̇TM (q, t)q̇ +N (q, t)q̇ + P (q, t) (7.17)
where M (q, t) ∈ <n×n is the mass (or inertial) matrix, N (q, t) ∈ <1×n, and
P (q, t) ∈ <. It is assumed that M−1(q, t) exists. Suppose that the system is
subjected to the following constraint
A(q, t)q̇ = c(q, t) (7.18)
where A(q, t) ∈ <r×n, c(q, t) ∈ <r. Its virtual displacement is now governed by
A(q, t)δq = 0 (7.19)
Using the notion that any constraint can be resolved into its equivalent force and
adopting Lagrange’s form of d’Alembert’s principle, the equation of motion of
the constrained system can be written as
d
dt
∂T (q̇, q, t)
∂q̇
− ∂T (q̇, q, t)
∂q
= F (q̇, q, t) +Qc(q̇, q, t) (7.20)
where Qc(q̇, q, t) ∈ <n is the constraint force.
The d’Alembert’s principle, which states that the virtual work done by the
constraint force is zero, can be used to further interpret the constraints. Essen-
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tially, the constraint force can be shown to lie in the range space of AT (q, t) [134].
As a consequence, the constraint force can be represented by
Qc(q̇, q, t) = AT (q̇, t)λ (7.21)




∂T (q̇, q, t)
∂q̇
− ∂T (q̇, q, t)
∂q
= F (q̇, q, t) +AT (q̇, t)λ (7.22)
In general, if there are no constraints onto the system then λ ≡ 0. For constrained
systems, the difficulty in using Eqn. (7.22) directly is the determination of the
Lagrange multipliers.
If the constraint equation (7.18) is sufficiently smooth it can be differentiated
once to yield a second order constraint relation. This relation is one of the most
important in this method. The second order constraint relationship is given by
A(q, t)q̈ = b(q̇, q, t) (7.23)
It is assumed that the equation set (7.23) is consistent. That is, there is at least
one solution for q̈ for a given A(q, t) and b(q̇, q, t).
Using (7.17) the system (7.20) can be represented as
M(q, t)q̈ = Q(q̇, q, t) +Qc (7.24)










Presuming that the matrix A(q, t) has rank r ≥ 1 and that the inverse of the
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Figure 7.2: Two link pendulum
inertial matrix exists (M−1(q, t)), then it can be shown that the solution to the
dynamic equations is given by [132, 134]
q̈act = M
−1(q, t)Q(q̇, q, t)+M−1/2B+(q, t)
(
b(q̇, q, t)−B(q, t)M−1/2(q, t)Q(q, t)
)
(7.25)
where B(q, t) = A(q, t)M−1/2 and the superscript “+” indicates the Moore-
Pseudo inverse. Consequently, the equation of motion of the constrained system
is given by
M (q, t)q̈ = Q(q̇, q, t) +M 1/2B+(q, t)
(
b(q̇, q, t)−A(q, t)M−1(q, t)Q(q̇, q, t)
)
(7.26)
Equation (7.26) is called the Udwadia-Kalaba equation. In this thesis, as in [132]
this equation is referred to as the fundamental equation.
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Example dynamics derivation: Two - link Pendulum
In this section, the derivation of the dynamic equations of motion with the fun-
damental equation is illustrated. A simple example that consists of a Two- link
pendulum is utilized. Figure 7.2 shows an illustration of the pendulum. Consider
a unit mass suspended by the rod L1, as well as the rod L2 attached to the unit
mass. The other end of the second rod is pinned to the point (L1, 0, L2), which
provides for an extra constraint onto the system. gravity acts in the positive X-
direction of the Cartesian coordinates (X, Y, Z).
The first step in the derivation of the motion equations is typically determining
the constraint equations. They then need to be put into the form of Eqn. (7.23).
The equations that describe the constraints are written as
x2 + y2 + z2 = L21 (7.27a)
(x− L1)2 + y2 + (z − L2)2 = L22 (7.27b)
where (x, y, z) describes the motion of the mass. After differentiating Eqns. (7.27)
twice they can be put into the proper form Aq̈ = b. This is given by
 x y z










where α = (ẋ2 + ẏ2 + ż2). With a mass of unity, the matrix M = I3 (Identity
matrix 3 by 3) and the acceleration of the unconstrained system is given by
a = [g, 0, 0]T . With the matrices A(q, t) and M , the matrix B(q, t) can be
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2 − L1L2z − L2xz L2xz − L1y2 − L1z2
y (L21 + L
2
2 − L1x− L2z) y (L1x+ L2z)
L2x
2 + L2y
2 − L1L2x+ L21z − L1xz L1xz − L2x2 − L2y2
 (7.29b)
where ∆ = [L22x
2 + (L21 + L
2
2)y
2 − 2L1L2xz + L21z2].












−αL2(L2x− L1z) + gL22y2
−y(αL21 + αL22 + gL22x− gL1L2z)
αL1(L2x− L1z)− gL1L2y2
 (7.30)
where (b −Aa) = [−α − gx,−α − g(x − L1)]T . Notably, in the above relation
the acceleration of the unconstrained system is a = M−1(q, t)Q(q̇, q, t).
The above equation can be solved directly utilizing a numerical differential
solver such as the Newton-Raphson method. Taking L1 = L2 = 1 and using the
initial conditions x(0) = 1, y(0) = 0, z(0) = 0, ẋ(0) = 0, ẏ(0) = 4, and ż(0) = 0
the differential equation yields the results seen in Fig’s. 7.3 and 7.4. Notice
the interesting out of plane motion in the z-direction that occurs because of the
additional constraint. Also, the constraints reduce the motion of the system to
just a curve, this is evident though observing Fig. 7.4. Also, the 3-dimensional
Cartesian response if given in Fig. 7.5. This shows the solution is constrained
along an arc in 3-space and illustrates the effectiveness in utilizing this method
for constrained mechanical systems. Notably, the accuracy of the differential
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Figure 7.3: Two-link response behavior
equation solver was changed between these last 2 figures. Evidently, a relatively
high accuracy is needed for overconstrained systems to attain good results.
Constrained Equations of Motion for a Parallel Manipula-
tor
The fundamental equation of dynamic motion is systematically utilized in the
work of Huang et al. [133]. The authors propose a useful step by step process
and apply it specifically towards robotics applications. In this section, the fun-
damental equation is reviewed along with the step process in modeling complex
mechanical systems.
The entire system’s motion equations can be obtained for parallel manipula-
tors (PM) by taking advantage of the segmented limbs and other segmented rigid
bodies in the mechanical system. The unconstrained system is conceptually the
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Figure 7.4: Two-link response behavior, out of plane motion (moderate accuracy)
mechanical system in which the virtual displacements are assumed to be inde-
pendent of one another. That is, there are limb coordinates that would normally
describe the motion of the system as if it were an unconstrained or open-loop
system. These are the coordinates one would normally utilize in a Newton-Euler
or Lagrangian approach for unconstrained systems. A conceptual model of a PM
is shown in Fig. 7.6. It is shown in a segmented form where the 2 rigid body
platforms are connected by joints and limbs in parallel. It is typical of PM’s or
parallel robotic systems to have as many actuators as degrees-of-freedom. How-
ever, there are some redundant parallel mechanisms that have more actuators
than necessary. The proposed manipulator falls into this category.
The steps involved in deriving the dynamic equations of motion are as follows:
1. Segment the parallel manipulator into s subsystems. Each subsystem is
either a serial limb or a rigid body platform. The segments are separated
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Figure 7.5: Cartesian response of two-link mechanism (high accuracy)
at the joints.
2. Derive the equations of motion for each of the s segmented systems. Typi-
cally, the Lagrange approach offers the best approach in this step.
3. Derive the kinematic constraints for the system. Typically, there exists one
constraint equation for every limb. Take the second order time derivative
of these constraints to put them into proper form.
4. Combine these subsystems using the fundamental (Udwadia-Kalaba formu-
lation) equation. The full dynamic equations are now obtained.
Consider the parallel manipulator system segmented into s subsystems. These
subsystems consist of each of the limbs that attach the base frame to the moving
platform as well as the moving platform itself taken as a rigid body in Cartesian
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space. The general dynamic equations of the unconstrained “serial” limbs can be
written in a common form
Mi(qi, t)q̈i +Ci(q̇i, q, t) = τi(t), i = 1, 2..., s− 1 (7.31)
where qi is the vector of system coordinates for the i
th limb, Mi and Ci are the
mass matrix and Coriolis/centrifugal/gravity matrix for the ith limb respectively,
and taui is the vector of actuator forces and torques.
The last unconstrained dynamic equation belongs to the moving platform. It
can be written as
Ms(qs, t)q̈s = τs(t) (7.32)
where qs is the Cartesian pose of the platform relative to the base frame, Ms
is the mass and inertial matrix of the platform and τs(t) is the external applied
force.
The kinematics of the manipulator can then be utilized to form the constraint
equations for the system. Typically, there is a constraint relation for every limb.
Once they are converted to second order form like that of Eqn. (7.23), the
fundamental equation can be written for the system. This is given by




q, t)−A(q, t)M−1(q, t)(τ (t)− C(q̇, q, t))
)
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i=1 ni where ni is the number of system coordinates in the i
th subsystem,
then M ∈ <n×n, q ∈ <n, τ ∈ <n and C ∈ <n.
Regarding the inverse dynamics of the system, in which the forces and torques
that are required to sustain a known motion of the system are determined, the
same equation of motion can be utilized. It can simply be mathematically rear-
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ranged. Utilizing Eqn. (7.33), the following equation can be arrived at
(7.35)τ (t) =
[
I −M 1/2(q, t)B+(q, t)A(q, t)M−1(q, t)
]−1 × [M (q,
t)q̈ −M 1/2(q, t)B+(q, t)b(q̇, q, t)
]
+C(q̇, q, t)
where I ∈ <n×n is an identity matrix.
The HAPM Dynamic Equations
In this section, the dynamic modeling procedure described above is employed to
derive the analytical dynamic equations of the HAPM proposed in this thesis.
Due to the hybrid and redundant nature of the robotic manipulator, many stan-
dard modeling procedures would either fail or be extremely cumbersome to apply
to the HAPM. However, the above method that utilizes separate open-loop sub-
systems and the fundamental equation can account for and somewhat simplify
the dynamic modeling of the constraints (redundant or otherwise) involved.
The first step in deriving the dynamic equations for the HAPM is to segment
it into its subsystems. These subsystems are each of the 4 hybrid limbs as well
as the moving platform, which yields a total of 5 subsystems. These segmented
systems can be visualized after virtually cutting the limbs from the moving plat-
form. Considering one of the 3 outer limb subsystems, one can formulate its local
coordinate system as illustrated in Fig. 7.7 for the ith limb.
Taking the local coordinate series used for these limbs as qi = [li, εi, λi, bi]
T ,
an energy formulation can be derived. Using the Lagrangian approach, the open
loop motion equations will be of the form
Miq̈i +Ci = τi (7.36)
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Figure 7.7: Kinetic diagram for PSPR limbs
After the analytical derivation the following mass matrix is arrived at
Mi =

Mo11 0 0 Mo14
0 Mo22 0 Mo24
0 0 Mo33 Mo34
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Figure 7.8: Kinetic diagram for RUPS limb
where
Mo11 = m3 (7.38a)
Mo14 = m3 sin ε sinλ (7.38b)
Mo22 = I2 + I3 + (l3 − li)2m3 +m2l22 (7.38c)
Mo24 = ((li − l3)m3 + l2m2) sinλ cos ε (7.38d)
Mo33 = −2(l3 − li)(−1/2 l3 + 1/2li)m3 +m2l22) (7.38e)
Mo34 = ((li − l3)m3 + l2m2) cos (λ) sin (ε) (7.38f)
Mo41 = m3 sin (λ) sin (ε) (7.38g)
Mo42 = cos (ε) ((−l3 + li)m3 + l2m2) sin (λ) (7.38h)
Mo43 = ((−l3 + li)m3 + l2m2) cos (λ) sin (ε) (7.38i)
Mo44 = m1 +m2 +m3 (7.38j)
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λ̇2 (l3 − li) (cos (ε))2 + cos (ε) g + (li − l3) λ̇2 − ε̇2l3 + ε̇2li
)
(7.40)
Co2 = (−((l3 − li)2m3 +m2l22)λ̇2 sin(ε) + 2m3l̇ḃ sin(λ)
− 2 cos(λ)ḃλ̇((l3 − li)m3 − l2m2)) cos(ε)
+ 2ε̇l̇li − g((l3 − li)m3 + l2m2) sin(ε)− 2ε̇l̇l3 (7.41)
Co3 = (2I2 + (2(l3 − li)((−1/2)l3 + 1/2li)m3 −m2l22)(cos(ε))2
+ 2(l3 − li)m3l̇λ̇(cos(ε))2−
2(l3 − li)m3l̇λ̇+ 2((l3 − li)2m3 +m2l22)λ̇ sin(ε)ε̇ cos(ε) (7.42)
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Co4 = (((l3 − li)ε̇2 + (l3 − li)λ̇2)m3
− l2m2(ε̇2 + λ̇2)) sin(λ) sin(ε)










Notably, in the above formulation the subscript that correspond to the ith limb
are omitted. These correspond to λ = λi, ε = εi, l3 = l3i and l2 = l2i.
Similarly, the unconstrained dynamic equations for the inner limbs can be
derived. Figure 7.8 illustrates the limb with each rigid body mass center as
well as its coordinate system. Some of the terms in the following relations are
represented by the same symbols as the outer limbs. Notably, these terms are
not equivalent between limbs. Taking the local coordinate as qr = [lr, µ, γ, θ]
T
the open-loop dynamic equations can be derived similar to Eqn. (7.36). This is
given by
Mrq̈r +Cr = τr (7.45)
Mr =

Mr11 0 0 Mr14
0 Mr22 0 Mr24
0 0 Mr33 Mr34
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where
Mr11 = m3 (7.47)
Mr14 = m3c sin(µ)(sin(θ) cos(γ)− cos(θ) sin(γ))
Mr22 = (I2 + I3 + (l3
2 − 2 l3lr + lr2)m3 + l22m2)
Mr24 = (((l3 − lr)m3 − l2m2)c sin(γ) cos(θ)
+c((lr − l3)m3 + l2m2) cos(γ) sin(θ)) cos(µ)
Mr33 = ((2(l3 − lr)(−1/2l3 + 1/2lr)m3 − l22m2)(cos(µ))2
+I1 + I2 − 2(l3 − lr)(−1/2l3 + 1/2 lr)m3 + l22)
Mr34 = (−2 sin(µ)((−1/2l3 + 1/2lr)m3 + 1/2l2m2) cos(θ)c cos(γ)
−((lr − l3)m3 + l2m2) sin(µ) sin(θ)c sin(γ))
Mr41 = −c(m3 sin(γ) cos(θ)− sin(θ)m3 cos(γ)) sin(µ)
Mr42 = (−2 cos(µ) sin(γ)((−1/2 l3 + 1/2 lr)m3 + 1/2l2m2)c cos(θ)
+2 sin(θ) cos(µ)c((−1/2 l3 + 1/2lr)m3 + 1/2l2m2) cos(γ))
Mr43 = 2 sin(θ) sin(γ)((−1/2l3 + 1/2lr)m3 + 1/2l2m2)) sin(µ)
−c(((lr − l3)m3 + l2m2) cos(γ) cos(θ)
Mr44 = (I1 + c
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Cr1 = +m3(c(cos(γ)θ̇
2 cos(θ) + sin(γ)θ̇2 sin(θ)) sin(µ)
+ µ̇2l3 − γ̇2(l3 − lr)(cos(µ))2 + cos(µ)g + γ̇2(l3 − lr)− µ̇2lr) (7.49)
Cr2 = (µ̇(l3 − lr))2m3(−l̇r) + (((((lr − l3)θ̇2 + (−2lr + 2l3)γ̇θ̇)m3 − 2θ̇γ̇l2m2
+ θ̇2l2m2)c cos(θ) + 2cm3 l̇rθ̇ sin(θ)) cos(γ)
+ ((l3
2 − 2l3lr + lr2)γ̇2m3 + γ̇2l22m2) sin(µ)
− 2cθ̇ sin(γ)l̇r cos(θ)m3 + (((lr − l3)θ̇2 + (−2lr + 2l3)γ̇θ̇)m3
− 2θ̇γ̇l2m2 + θ̇2l2m2)c sin(θ) sin(γ)) cos(µ) + ((−l3g + lrg)m3 + l2m2g) sin(µ) (7.50)
Cr3 = −((lr − l3)m3 + l2m2)θ̇ sin(µ)((− cos(θ) sin(γ) + sin(θ) cos(γ))(−θ̇ + γ̇))
+ 2(l3 − lr)m3 l̇r(cos(µ))2γ̇ + γ̇((lr − l3)m3 + l2m2) sin(γ)θ̇ sin(µ)c cos(θ)
− ((c+ 1)((lr − l3)m3 + l2m2)θ̇ cos(θ) cos(γ) + (c+ 1)((lr − l3)m3 + l2m2)θ̇ sin(θ) sin(γ)
− 2γ̇ sin(µ)((l3 − lr)2m3 + l22m2))µ̇ cos(µ)− 2 sin(µ)(l̇rm3θ̇ cos(θ)
+ 1/2γ̇((lr − l3)m3 + l2m2)θ̇ sin(θ))c cos(γ)− 2 (l3 − lr)γ̇l̇rm3 (7.51)
170
7.3 Dynamic Modeling of the HAPM
Cr4 = −c(((l̇rγ̇ − 2l̇rθ̇)m3 cos(γ) + (((l3 − lr)γ̇2 − 2 θ̇(l3 − lr)γ̇
+ (l3 − lr)µ̇2)m3 −m2l2(−2γ̇θ̇ + µ̇2 + γ̇2)) sin(γ)) cos(θ)
+ 2 sin(θ)((((−1/2 l3 + 1/2 lr)γ̇2 + γ̇l3θ̇ + (−1/2l3 + 1/2 lr)µ̇2)m3
+ 1/2m2l2(−2 γ̇θ̇ + µ̇2 + γ̇2)) cos(γ) + sin(γ)(−l̇rθ̇ + l̇rγ̇)m3)) sin(µ)
+ 2µ̇ sin(θ) cos(µ)c((l3 − lr)m3 − l2m2)(−θ̇ + γ̇) sin(γ)
− 2((−µ̇((l3 − lr)m3 − l2m2)(−θ̇ + γ̇) cos(µ) + 1/2 l̇rm3γ̇) cos(γ)
+ cos(µ) sin(γ)l̇rµ̇m3)c cos(θ) + 2m3cl̇r sin(θ) cos(γ) cos(µ)µ̇ (7.52)









which completes the dynamic equations of the unconstrained 4th limb.
The last subsystem is that of the moving platform. Considering it also as
unconstrained, its dynamic equation is simply that of a rigid body system in
space that has motion. Taking it’s system coordinates as the position of the
moving platform with respect to the base frame (q5 = [Xp, Yp, Zp,Φ,Θ,Ψ]
T ) the
equation of motion is
M5q̈5 = τ5 (7.54)
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mp 0 0 0 0 0
0 mp 0 0 0 0
0 0 mp 0 0 0
0 0 0 Ixp 0 0
0 0 0 0 Iyp 0
0 0 0 0 0 Izp

(7.55)
where mp denotes the mass of the moving platform, and Ixp, Iyp, Izp are the
moment inertias about the X, Y , and Z axes respectively.
Subsequently, the constraint relations that produce the constraint force are
derived. This process starts with identifying the constraints, and then convert-
ing them into 2nd order form. The constraints are essentially embedded into the
kinematics of the mechanism. For every movement of the robotic manipulator,
the kinematic equations must be satisfied. The inverse kinematics has been stud-
ied in a previous section of this thesis. Starting with Eqn. (6.13), which is the
general kinematic definition, one can differentiate twice with respect to time and
algebraically rearrange to yield equations of the form applicable to the funda-
mental dynamic definition. Regarding the outer PSPR limbs, this yields general
relations as follows
l̈i sin(ε) cos(λ) + 2l̇i(cos(ε) cos(λ)ε̇− sin(ε) sin(λ)λ̇)
+ li(ε̈ cos(ε) cos(λ) + ε̇(− sin(ε) cos(λ)ε̇− cos(ε) sin(λ)λ̇)
− λ̈ sin(ε) sin(λ)− λ̇(cos(ε) sin(λ)ε̇+ sin(ε) cos(λ)λ̇)) = ẍ+ r̈xi (7.56)
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l̈i sin(ε) sin(λ) + 2l̇(cos(ε) sin(λ)ε̇+ sin(ε) cos(λ)λ̇)
+ li(ε̈ cos(ε) sin(λ) + ε̇(− sin(ε) sin(λ)ε̇+ cos(ε) cos(λ)λ̇) + λ̈ sin(ε) cos(λ)
+ λ̇(cos(ε) cos(λ)ε̇− sin(ε) sin(λ)λ̇)) + b̈ = r̈yi + ÿ (7.57)
l̈i cos(ε)− 2 l̇ sin(ε)ε̇− li(ε̈ sin(ε) + ε̇2 cos(ε)) = z̈ + r̈zi (7.58)
For the center RUPS limb the constraint equations can be similarly derived
using kinematic relations. These are attained and given by
− c(cos(θ)θ̇2 + θ̈ sin(θ))− l̈r sin(µ) cos(γ)− 2l̇r(− sin(µ) sin(γ)γ̇ + cos(γ) cos(µ)µ̇)
− lr(−γ̈ sin(γ) sin(µ)− γ̇(cos(µ) sin(γ)µ̇+ sin(µ) cos(γ)γ̇) + µ̈ cos(γ) cos(µ)
+ µ̇(− sin(γ) cos(µ)γ̇ − cos(γ) sin(µ)µ̇)) = ẍ (7.59)
c(θ̈ cos(θ)− θ̇2 sin(θ))− l̈r sin(γ) sin(µ)− 2l̇r(cos(µ) sin(γ)µ̇+ sin(µ) cos(γ)γ̇)
− lr(γ̈ cos(γ) sin(µ) + γ̇(− sin(µ) sin(γ)γ̇ + cos(γ) cos(µ)µ̇)
+ µ̈ sin(γ) cos(µ) + µ̇(− sin(µ) sin(γ)µ̇+ cos(µ) cos(γ)γ̇)) = ÿ (7.60)
z̈ = l̈r cos(µ)− 2lr sin(µ)µ̇− lrµ̇2 cos(µ) (7.61)
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The above equations can then be put into for form of A(q, t)q̈ = b(q̇, q, t)
(Eqn. (7.23)) for the dynamic model. Subsequently, the unconstrained dynamic
equations and the constraint equations can be augmented/clustered together.
These can then be utilized directly in the fundamental dynamic equation. The
following define the clustered matrices
M = [diag(M1,M2, ...,M5)]
T
22×22 (7.62)
C = [C1,C2, ...,C5]
T
22×1 (7.63)
τ = [τ1, τ2, ..., τ5]
T
22×1 (7.64)
B = [AM−1/2]12×22 (7.65)
The above formulation completely defines the dynamics of the HAPM. Equa-
tion (7.33) or (7.35) can now be utilized. In a forward dynamic situation, for
any given actuator forces/torques the motion of the system can be computed by
Eqn. (7.33). Also, given the positions, velocities, and accelerations of each of the
constrained subsystems the actuator forces/torques can be computed by Eqn.
(7.35).
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7.3.3 Swiftness
In this section, some of the potential dynamic properties are briefly studied using
the derived dynamic model from the previous section. Performance indices were
mentioned and utilized in a previous section. In general, the concepts as they
relate to spatial manipulators are not well developed. However, for the purpose
of this section it is assumed to be reasonable to transfer these concepts to the
HAPM.
The concept of swiftness is used and computed for the proposed HAPM. The
manipulator mass matrix given in Eqn.(7.62) and used in (7.33) is utilized as an
indication of inertial resistance. It should be noted that since the dynamic model
was derived in local coordinates, it is not possible to directly attain the Cartesian
isotropy properties. However, inertial properties in local coordinates are directly
related to the global coordinate properties and can still be utilized to gain some
insight. Swiftness is utilized in this section due to its ability to directly yield
inertial resistance without the need to separate any mass matrix components due
to unit variations. Since the swiftness as defined in [43] does not involve any sum
of M (q) entries, it is defined even when the coordinates are non-homogeneous.





where det(•) is the determinant of a matrix. For parametric illustration purposes,
the swiftness is computed for the HAPM. It is conducted for a constant orienta-
tion of the platform and for a constant vertical z-height of 0.08m. Two different
cases are considered for a slice of the workspace, each case with a different cho-
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Figure 7.9: HAPM Swiftness, θ = 0 °
sen motion manifold. All parameters are obtained from the CAD model of the
following control section. The first case corresponds to the motion manifold with
θ = 0°. The result can be observed in Fig. 7.9. Interestingly, the swiftness varies
considerably within the workspace slice and is not exactly symmetric about the
any axis. The asymmetry is attributed to the 4th limb. The second computed
swiftness map is conducted for a manifold corresponding to θ = 180°. The results
for this case can be observed in Fig. 7.10. While the general magnitude is sim-
ilar to the first case, notably the maximum values have moved to become more
asymmetric and maximum in the negative x-plane.
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Figure 7.10: HAPM Swiftness, θ = 180 °
7.4 Control of Parallel Robotic Manipulators
This section focuses onto the control of parallel robotic manipulators. A re-
view of some previous work can be found in the Introduction. In the first part
of this section, a short review of some concepts involved with optimization is
conducted. Then, an example control study is undertaken. This is for the 5R
manipulator that was dynamically studied in a previous section in this Chapter.
Optimization of the control parameters are studied while solving the differential
equations directly for control simulation. Subsequently, a control study for the
HAPM is undertaken. A complex model is constructed in Simulink to closely
model a realistic Computer Aided Design. Notably, different forms friction are
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inclusive, something the analytical dynamic model derived does not include. The
simulations illustrate some of the advantages of the proposed adaptive robot.
Particle Swarm Optimization
The particle swarm algorithm was first proposed by [135]. It is a global optimiza-
tion technique that has been proven in multivariable optimization problems. The
fundamental principle behind the algorithm is stemmed from the way in which
flocks or ‘swarms’ of animals behave socially, or the way in which they as a whole
search for food [136]. Modeling the behavior of each animal or particle yielded
the algorithm.
Similarly to the evolutionary algorithms function, in the particle swarm algo-
rithm, a set of particles that represent solutions to the problem probe the search
space [137]. Each particle then has a position and velocity in the search space
that can change according to the best position of the search space that it had
previously visited and the best particle of the swarm. Its movement is an accel-
erated progression towards the best particle in the swarm. Mathematically, each
particle is treated as a point in D-dimensional space [47], with d being the dimen-
sion of a single particle. Then the ith particle of the swarm can be represented
by a D-dimensional vector. This is given by
Pi = [pi1, pi2...piD]
T (7.67)
Moreover, the velocity of each particle can be represented by another D-dimensional
vector [47]
Vi = [vi1, vi2...viD]
T (7.68)
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Denoting the best previous position visited by the ith particle as pbest and the
best particle in the swarm at the ith time step as gbest, then the particle swarm
algorithm at each time step updates the position and velocity of each particle in
the swarm by the relation below.
Vid(t) = γ {Vid(t− 1) + c1r1 (pbestid(t− 1)− Pid(t− 1))}
+γccr2 (gbestd(t− 1)− Pid(t− 1))
Pid(t) = Vid(t) + Pid(t− 1)
(7.69)
where d = 1, 2....D ,(D is the dimension of the search space) i = 1, 2....N , (N is
the size of the swarm) c1 and c2 are positive acceleration constants and r1 and r2
are uniformly distributed random numbers between 0 and 1. In Eqn. (7.69) γ is
called the constriction factor defined by
γ =
2∣∣∣2− ϕ√ϕ2 − 4ϕ∣∣∣ (7.70)
where ϕ = c1 + c2.
The first part of Eqn. (7.69) represents the momentum of the particle coming
from the previous time step. The second part comes from the memory of the
best previous position that the particle was ever at. And the third part comes
from the social collaboration among the particles [47], so as each particle can
learn from the group’s best as a whole. In the algorithm the velocity of each
particle is confined to a maximum Vmax so as to ensure the particles stay within
the confined search space. A useful graphical concept of the PSO algorithm is
illustrated in Fig. 7.11. It illustrates how the velocity of a particle is updated.
Also, in implementation of the algorithm a few crucial steps must be accounted
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Figure 7.11: Graphical Concept of PSO
for. These steps are outlined in Fig. 7.12. The criterion of maximum iterations
being reached can be replaced by an objective function stopping criterion.
7.4.1 Optimal Passive Controller Tuning of the 5R Robot
This section focuses on determining the optimal off-line controller parameters for
the 5R parallel manipulator. This is used as an example control case study. The
control method utilized in this section is the proportional plus derivative (PD)
feedback. The PD controller is widely used in the robotics industry due to ease
of implementation. However, it is sometimes quite difficult to obtain the optimal
PD controller parameters for a given robot manipulator due to their inherent
coupled nonlinear dynamics. These coupled effects are further enhanced when a
parallel manipulator is considered. Sometimes, even if the optimal parameters are
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Figure 7.12: Evaluation Procedure of the PSO Algorithm
attained, the best parameters may only be optimal for given operating conditions.
Formulation of the Optimization Problem with PSO
Since the actuated joints are the 2 stationary joints denoted as joints 1 and 2
respectively, each is subject to individual control actions. These control actions
are coupled via the robots inverse kinematics. Thus, if joint control is used there
are 2 control parameters per actuated joint. These control parameters can be
coded into a particle for use in the PSO initiation. This particle takes the form
Pi =
[
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where Kp1 and Kd1 are the proportional and derivative gains for the first ac-
tuated joint and Kp2 and Kd2 are the proportional and derivative gains for the
second actuated joint. The initial values of the control parameters were randomly
generated in the first particle initiation.
One of the main steps in the particle swarm algorithm is the calculation of the
fitness function. This step has been illustrated in Fig. 7.12 in which the fitness of
each particle is assigned based upon a predefined cost function determined to be
suitable for a given optimization case. In this study, the objective is to maintain
a good tracking control error while at the same time not applying an overly large
control effort that would make the scheme unpractical. Consequently, the fitness
function is chosen to be the Reference Based Error with Control Effort (RBECE).
Accordingly, the objective function is computed for the ith particle as
E(i) =
∑M
n=1 (ψ1 (|qe1(n)|+ |qe2(n)|))
+
∑M
n=1 (ψ2 (|τ1(n)|+ |τ2(n)|))
(7.72)
where qej(n) is the trajectory error of the j
th joint , τj(n) is the applied torque at
the jth joint, ψ1 is the weight associated with trajectory error, ψ2 is the weight
associated with the control torques, and M is the number of samples used in the
calculation.
Figure 7.13 illustrates the tuning process of the controller by particle swarm
optimization. The robotic system is simulated to follow a circular trajectory with
radius r=0.034m within its workspace. The end effector denoted as point P in
Fig.7.1 is to follow this circular trajectory completing a full rotation 2 times per
second. The initial conditions for simulating the dynamics of the robot are taken
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Figure 7.13: Offline Tuning of Controller Parameters using PSO
as an initial joint error of 6◦ in both joints 1 and 2 respectively. The objective
function computation is considered in simulation up to 5 seconds with a time step
of 0.005 seconds. This amounts to a number of samples of 1000.
In the PSO algorithm, a population size of 20 particles is used. This is consid-
ered to constitute a good compromise between computational load and conver-
gence speed. Also, since each particle in the swarm has 4 elements, the particle
swarm matrix is 4 × 20. Then the PSO algorithm comprises of calculating the
objective function of the particles in the initial swarm matrix. Using the calcu-
lated objective function values, the best previous position of each particle and the
global best particle position could be updated. Then, according to Eqn. (7.69)
the velocity and position of each particle is updated. This process is continued
until a maximum number of iterations is reached or a minimum objective function
criterion is attained.
Within the particle swarm optimization, the values of the acceleration con-
stants c1 and c2 are 1.5 and 1.75, respectively. Also, the particles are confined to
values within a search sphere bounded by limits put on the control parameters.
These were the possible upper and lower bounds of the PD gains. For both of the
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actuated joints, the lower bound on the proportional gain and the derivative gain
is set to a value of 5 and 2, respectively. Also, the upper bound is confined to 510
and 15 for the proportional and derivative gains, respectively. Furthermore, the
maximum particle velocity is confined to a value of 10 and the objective function
weights ψ1 = 1 and ψ1 = .05.
Optimization Controller Tuning Results
The optimal controller parameters obtained using the PSO algorithm can be
seen in Tab. 7.1. The joint error trajectory tracking control simulation can be
observed in Fig. 7.15. It illustrates a joint error oscillatory with a maximum
steady-state error of about 0.15 degrees. Also, the joint control torques and end
effector trace can be observed in Fig. 7.16 and 7.14 respectively for the optimal
PSO tuned controller. Notably, these were attained after multiple optimization
runs to ensure repeatability.
This section has introduced the PSO based tuning method for trajectory track-
ing of the 5R parallel robot manipulator. The PSO has been utilized to obtain
optimal controller gains passively. It has been shown that for robot trajectory
control using a PSO tuned PD controller yields good trajectory tracking. The
results also illustrate that the PSO algorithm can perform an efficient search for
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Figure 7.14: Actual and Desired end Effector Trajectory, desired (solid), actual
(dashed)
the complex problem of optimal PD controller tuning for parallel robot control.
7.4.2 Control of the HAPM
This section studies and discusses the control of the HAPM robot. A detailed and
more practical CAD model of the manipulator is constructed. This model serves
a dual purpose. The first is to provide model verification and actuator sizing, and
the second is to provide a base on which to build a simulation in Simulink. In this
section, the manipulator is simulated in a dynamic environment that emulates
an industrial operation. The Computer Aided Design model that was developed
can be observed in Fig. 7.17. It was designed mechanically with the possibility
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Figure 7.15: Joint Errors under Control using PSO Optimized Parameters,
joint1(solid), joint2(dashed)
of future experimentation in mind. The size, actuator stroke and strength were
taken into account.
The differential equations that encompass the manipulator’s dynamic model,
derived in a previous section of this dissertation, were not directly solved in order
to simulate a control situation. This is because, although the analytical model
can be used to reveal very useful information, it does not include physics such as
dynamic and static friction. With such a robotic design that has several limbs,
friction would have a noticeable effect on the dynamics. The model developed
in this section uses state-of-the-art computer modeling techniques to ensure high
and realistic accuracy. A general illustration of the Simulink model developed
can be seen in Fig. 7.18. For simulation illustration and visualization, the CAD
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Figure 7.16: Actuator Control Torques under PSO Optimal Control, joint
1(solid), joint 2(dashed)
model files were referenced to in the simulation. SimMechanics was used as a
tool to represent rigid body kinetics. An illustration of the plant model can be
observed in Fig. 7.19. Each of the limbs are modeled as a subsystem of the total
system, which is then connected to the fixed base and the moving platform body.
Also, some of the critical properties utilized in the simulations are tabulated in
Tab. 7.2. The frictional parameters are those for the active joints only.
The control simulation in this section simulates a vibratory force onto the mov-
ing platform as it tracks a prescribed trajectory. This approximately replicates
an industrial machining operation where the robotic manipulator must resist high
frequency forces that have a tendency to cause vibration. As an example of this
broad type of operation the Mikrolar P2000 being used in conjunction with a sta-
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Figure 7.17: HAPM - CAD Model Representation
tionary mill can be observed in Fig. 7.20. Since the main purpose of this section
is to study the characteristics of the adaptive robot under dynamic simulation,
the control method must be constant. Consequently, the method utilized is the
common PID control scheme. The control parameters were tuned manually, thus
they are assumed to be sub-optimal. For the simulation, a frequency of 300 rad/s
(48 Hz) was used and approximated with a sinusoidal wave with amplitudes of 25
N and 5 N in the global Z-direction and X-direction respectively. The pose tracked
by the platform is given by the simple function Pz = 0.645 + t/45, Py = t/20,
with the simulation time 0 ≤ t ≤ 5s.
For this simulation, any pre-load or pre-stress is considered negligible, and
any use of the pre-stresses for any benefit is not considered. However, 2 different
motion manifold solutions are chosen. They are chosen purposely different in
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Figure 7.18: HAPM - Simulink Model Representation






order to study the parametric affect. The first motion manifold is the solution of
the manifold, Υ = (lr, θ), that yields θ = 90°. In the second, the value of θ goes
from 90°to −10°during the simulation time.
Figures 7.21 and 7.22 show the amalgamated joint control errors from the
first and second case respectively. These represent the error between the desired
active joint positions and the actual joint positions. As can be observed from
these results, the control errors have an absolute value significantly less than
1mm for the vast majority of the simulation. This indicates that the kinematics
and controller perform well. Also, since the only difference between the 2 tra-
jectory tracking simulations is the motion manifold, it is interesting to analyze
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Figure 7.19: HAPM - Simulink Plant
any differences. Comparing Fig’s 7.21 and 7.22, it can be noted that they are
very similar up to approximately 2 seconds, thereafter there are some differences.
The main difference is the fact that the control error starts to diverge from a
nominal [+0.3mm,-0.3] up to above [+0.5mm, -0.3mm] by the 5 second mark in
the simulation. It can be noted that for case 1 the pose error converges to a
steady [+0.4mm, -0.2mm]. This indicates that the properties of the manipulator
to resist disturbances in a dynamic situation are changed by the motion manifold
alone, without taking into account pre-load or any other property.
As another case example another simulation is conducted. This case con-
sidered also rotational motion about 2 axes as well. The trajectory is given by
Pz = 0.645 + u/45, Py = u/32, φ = 2u,Θ = −3.3u while being subjected to
the same forcing function magnitude/direction as the previous cases with a lower
forcing frequency of 75 rad/s. The resulting simulation control errors can be
observed in Fig. 7.27.
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Figure 7.20: P2000 - Courtesy of Mikrolar Inc.
Physically, if one were to model the reaction of a dynamic system to a vibrating
disturbance the first step is typically to derive a normalized vibration magnitude
plot. In single degree of freedom lumped parameter systems, this usually illus-
trates a portion where the frequency hits a resonance [138]. It is well known that
the magnitude of this resonance is greatly affected by the stiffness and damping
of the system. Regarding the position error divergence of the HAPM between
the cases in this section, it is postulated that the stiffness changes caused by the
manifold change is the main contributing factor for the noticeable performance
differences. For this reason, during the simulations the stiffness in the principle
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Figure 7.21: HAPM - Amalgamated joint control errors, case 1
(Z) direction is computed for parametric comparison.
In Fig. 7.23 the stiffness in the vertical direction that was computed during
the simulation is illustrated. Evidently, the stiffness for the second case diverges
from that of the first after about 1.5 seconds. After this point the stiffness starts
to taper and decrease. Neglecting other effects of the varying motion manifold,
from these results it can be hypothesized that the computed static stiffness in
the HAPM largely affects the ability to suppress the vibratory disturbance. It
can be reasonably assumed that the stiffness calculation, although static, can
be translated to a dynamic situation for parametric purposes. There is likely a
frequency that would most gravely affect the performance of the manipulator, and
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Figure 7.22: HAPM - Amalgamated joint control errors, case 2
there must also exist an optimal region where the performance is best. Evidently,
this comparison illustrates how easily the properties of the proposed adaptive
robot can be changed.
The simulation also tracks the motion of each rigid body in Cartesian space.
The motion of the moving platform can be compared to the desired motion put
through the kinematics from trajectory purposes. Figure 7.24 illustrates the posi-
tion of the platform. Notably, the platform follows accurately the predetermined
trajectory. The velocity of the platform has also been computed. This can be
observed in Fig. 7.26. Evidently, the velocity in the X-direction is very small and
the velocity in the Y-direction vibrates about an average value of approximately
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Figure 7.23: HAPM - Vertical stiffness computed during the simulation cases,
case 1 (dashed), case 2 (solid)
0.05 m/s. This indicates that the platform was moving at a relatively constant
velocity in this direction. The vibration in the Z-direction is the largest, which is
expected since the largest dynamic forces occur in this direction.
Taking this one step further, it can be noted that the proposed manipulator
could potentially have the ability to detect variations in requirements, say one
example is isolation of a certain magnitude and frequency of vibration, and au-
tomatically adapt its properties to optimally suit the requirements. This ability
is unique to this type class and proposed manipulator. This ability would also
require either predetermined optimization, or more useful would be a control sys-
tem that adapts the system properties ( eg. manifold and pre-loads) towards
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Figure 7.24: HAPM - Moving platform Cartesian position during the simulation,
case 1
these requirements. This way, when the functional requirement changes there
is no need to re-program or reconfigure the robot, it will be entirely automatic.
This eventually can save time, increase performance and eliminate the need for
more than one robotic system.
7.5 Conclusion
This Chapter has covered the dynamics and control for the HAPM. Firstly, a brief
review of rigid body dynamics was conducted. Then an example dynamic model
of a planar 2-DOF manipulator was presented using more conventional methods.
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Figure 7.25: HAPM - Moving platform Cartesian velocity during the simulation,
case 1
Subsequently, the particulars of the dynamics of the proposed HAPM are pre-
sented. The fundamental equation is used and the method that is based upon it
is presented in detail with an example. Then the complete equations of motion
are derived. After this, a short dynamic performance study is conducted that
makes use of the mass/inertia matrix of the full dynamic model of the HAPM to
compute the swiftness. Then, the control studies are undertaken, first with solv-
ing the dynamic model of the 5R manipulator and tuning its control parameters
with PSO. After this, a detailed CAD model of the HAPM is constructed. Then,
a model is detailed and constructed in Simulink for the purpose of simulation
studies. Subsequently, a control study is undertaken that simulates an industrial
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Figure 7.26: Robot render during control simulation, arbitrary MP trajectory.
operation with varying motion manifolds. The effects of the varying manifold in a
dynamic situation are shown and discussed, and the possibility to take advantage
of these unique properties are also discussed.
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”A Dissertation should inspire and build a larger basis for future work than there
was before it existed”
8.1 Conclusions
This dissertation has provided the framework for and delved into state-of-the
art parallel robotics in the flexible and reconfigurable manufacturing regimes. In
these regimes, machine flexibility allows for a device or machine to change or
adapt to varying functional requirements.
This thesis first proposed a new design method to devise parallel robotic struc-
tures that have reconfigurable dynamics. Dynamic properties play a large part
of performance of robotic systems, and notably no previous study involved the
reconfiguration of dynamic properties or even considered them as reconfigurable.
A complete formulation of the method was presented along with a case study on
a 2-DOF parallel manipulator, simulating a FMS situation by taking into account
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two functional requirements. The Chapter then concluded by illustrating some
of the advantageous properties of the method in simulation.
Next, the thesis focused on parallel robotic devices that are more adaptive to
functional requirements. The more automatic robotic devices can be devised, the
more automation friendly they are. Moreover, the more actively adaptive they
are, the more automatic the systems can be when new products or requirements
come forth to be manufactured. To this end, first a new design that is semi-active
reconfigurable was studied. This removed some of the need to manually recon-
figure the robot. The hybrid structure was named the Re-Sl-Bot. A systematic
and detailed analysis was conducted whilst studying its properties. In particular,
some of its properties related to the reconfiguration were studied also.
Subsequently, with the aim at becoming even more automatic, the thesis
endeavoured at developing a novel system that has the potential to be adaptive
in real-time. This required a more fundamental design change. Taking advantage
of the unique properties of redundancy and hybrid designs a novel class of parallel
robotic structures was proposed. This class ensures that the robot will have at
least one motion manifold that encompasses a DOF separate from the moving
platform. This, coupled with the possibility of taking advantage of pre-loads
within the mechanism allows for the selection and adaption of the robot properties
actively. A selection of the motion manifold trajectory and pre-loaded forces
can be actively changed by a control system with this objective. The class was
detailed and a 6-DOF design that belongs to this class was proposed and studied
in detail. It was illustrated through kinematics, dynamics and control that there




The major contributions of this dissertation research can be summarized as fol-
lows:
1. Development of a new method for the mechanical design of parallel robotic
structures for flexible manufacturing.
 This method is named Re-Dyn. It is the first method to consider
dynamic properties (mass, inertia, etc. ) as reconfigurable.
 Example illustration with a 2-DOF robot inclusive of dynamic forces
and control.
2. Design of a new semi-active reconfigurable parallel mechanism.
 Derivation of the kinematic analysis along with the singularity deter-
mination.
 The robotic workspace is studied along with the property variations
attainable by the robot.
3. Proposal of a novel class of adaptive parallel manipulators.
 Design of a hybrid redundant manipulator that belongs to this class.
 Development of analytical inverse kinematic solution of the HAPM.
 Derivation of the velocity Jacobian via screw theory and computation
of the Cartesian workspace of the HAPM.
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 Development of a force analysis and optimization case study for the
HAPM.
 Derivation of the analytical dynamics and the simulation of a full con-
trol sequence for the HAPM.
In the process of research for this dissertation the following publications in
top Journals have resulted:
 Design of Parallel Mechanisms for Flexible Manufacturing With Reconfig-
urable Dynamics, ASME Journal of Mechanical Design [139]
 A 6-DOF Reconfigurable Hybrid Parallel Manipulator, Robotics and Computer-
Integrated Manufacturing [118]
 A Novel Class of Adaptive Parallel Robots, ASME Journal of Mechanisms
and Robotics [140]
8.3 Future Recommendations
The combination of FMS and RMS with parallel robotics has much potential
for future enhancement. This dissertation lays a solid foundation for further
advancements. There are several areas that can be further developed.
The Re-Dyn method can be used to design more parallel robots, which can
then be experimentally tested. This would provide for more insight. Also, the
direct synthesis of PM’s directly from topological arrangement still remains an
area where enhancement can be made. Possibly, the dynamics of the manipulator
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could be taken into account at this stage such that the utmost optimal robot is
attained. This remains a future endeavour.
The Re-Sl-Bot can be experimentally tested, as well as methods to possi-
bly provide reconfigure without the need to completely stop operation. Auto-
reconfiguration remains a useful topic that has not yet been mass-implemented
into industrial automation. Experimental investigation is a natural next step.
The most promising next step for the novel class of PM’s is to devise a new
control system that can directly take advantage of it’s inherent adaptive prop-
erties. In fact, this is a natural next step for full adaptive properties. While
the adaption can be built in before hand by selection of trajectory and actuator
forces, to be truly adaptive to uncertainties, the adaptation must occur without
much prior knowledge. For this to occur, it must happen at the controller level.
The adaption law can be based inherently on the mechanisms physics, fundamen-
tally different from conventional adaptive laws that are based entirely on sensory
information. Another consideration is to amalgamate the semi-active reconfig-
uration with active-reconfiguration (adaption). This could be accomplished in
several ways. One way could be to make the first P-joints lockable in the HAPM.
This would allow for the constraining of 3-DOF when only three are needed.
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